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Abstract—We characterize the coupled loop resonator Hilbert
transformer (HT) and subsequently propose an ideal implemen-
tation if in the form of a cascade of two 3 dB units. This HT,
that will be experimentally characterized and demonstrated in
applications at the conference, will play an important role as
a basic operator for Radio Analog Processing (RAP) based 5G
technology.

Index Terms—Real-time Analog Processing (RAP), Hilbert
Transformer (HT), coupled loop resonator.

I. INTRODUCTION

Real-time analog processing (RAP) has recently attracted
significant interest, due to its inherent higher speed, lower cost
and smaller power consumption features compared to purely
conventional digital processing [1]–[4], and represents a most
promising approach to 5G technology [5].

The deployment of RAP in radio technology naturally re-
quires the availability of efficient analog-operator components,
such as differentiators [6], integrators [7], expanders and
compressors [8], time reversers [9], Fourier transformer [10]
and Hilbert transformers [11].

The HT has been the less studied among these operators.
Yet, it may find a diversity of applications, such as single
side-band (SSB) modulation [7], bandpass and bandstop filter-
ing [11] and edge detection [12]. Unfortunately, little details
on their fundamental properties have been given in the HTs
reported to date in the literature.

In this paper, we explain the subtleties of coupled loop
resonator HTs. Specifically, we point out the relationships
existing between the coupling coefficient, the phase response
and the phase transition bandwidth, and indicate related design
trade-offs.

II. HILBERT TRANSFORMER PRINCIPLE

An HT is essentially a linear allpass device exhibiting a
π phase rotation at its center frequency, as shown in Fig. 1.
Figure 1(a) shows the response of an ideal HT, where the
center frequency is zero and the phase slopes on either side
of the frequency origin are zero. Such a response cannot be
implemented practically, due to the time delays associated with
propagation and to the progressiveness of the phase transition
required by causality. However, the modified HT response
shown in Fig. 1(b), with nonzero center frequency ω0 and
progressive phase transition, is perfectly realizable while still
enabling typical HT applications.
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Fig. 1. Phase response of a Hilbert transformer (HT). (a) Ideal case.
(b) Physical realization.

III. COUPLED LOOP RESONATOR IMPLEMENTATION

Figure 2 shows the schematic of a HT, that may be easily
realized at both microwave and optical frequencies with a
response of the type plotted in Fig. 1. This HT is composed
of a 90˝ hybrid coupler with its isolated and coupled ports
interconnected by a transmission line loop. Denoting the
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Fig. 2. Schematic of the proposed HT.

transmission and coupling coefficients of the coupler T and C,
respectively, and the transmission response of the delay line
D, the transfer function of the HT is expressed as

S21 “ T ` C2D

1´ TD , (1)

where T , C and D are complex quantities.
Assuming, as a starting point a lossless coupler, power

conservation demands

|T |2 ` |C|2 “ 1. (2)

In the case of a quadrature coupler [=pT,Cq “ π{2], the
phases of T and C are typically ´π and ´3{2π, respectively,
at the resonance frequency, ω0. This, along with Eq. (2) and
the assumption of linear phase response, leads to

T pωq “ a

1´ |C|2e´j ω
ω0
π, (3)
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Cpωq “ |C|e´jp ω
ω0
` 1

2 qπ. (4)

Substituting (3) and (4) into (1) yields an analytical expres-
sion for the transfer function of the system as a function of
ω and |C|, S21pω; |C|q, that we do not give here explicitly
for the sake of conciseness. From this function, the phase and
group delay responses are computed as

φpω; |C|q “ = tS21pω; |C|qu (5a)

and
τpω; |C|q “ ´Bφpω; |C|qBω , (5b)

respectively.

IV. CHARACTERIZATION AND EXPLANATION

Since the coupled part of the loop is λ{2-long, the shortest
possible length of its uncoupled part is 3λ{2-long, or D “
e´j

3ω
ω0
π , corresponding to a 2λ resonant loop. Figures 3(a) and

(b) plot the phase and group delay responses computed by (5a)
and (5b) from (1), respectively. The responses in Fig. 3 may be
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Fig. 3. Frequency response of the HT in Fig. 2 for different coupling
coefficient magnitudes and D “ e´j 3

2
π . (a) Phase [Eq. (5a)]. (b) Group

delay [Eq. (5b)].

understood as follows. In the limit case C “ 0, the HT reduces
to a simple transmission line, not seeing the loop, extending
from port 1 to port 2, and therefore S21pωq “ T pωq “ e´j

ω
ω0
π ,

with linear phase φpω; 0q “ ´pω{ω0qπ and therefore constant
group delay τpω; 0q “ π{ω0. In the other limit case C “ 1,
all the wave first experiences a ´πω{ω0 phase shift, then gets
entirely coupled into the loop where it experiences a phase
shift of =tDu “ ´3πω{ω0, and finally acquires an additional

phase shift of ´πω{ω0, which leads to φpω; 1q “ ´5πω{ω0

and therefore constant group delay τpω; 1q “ 5π{ω0. For
|C| ‰ 1, only a fraction of the energy is coupled into and
out of the resonator, where the latter corresponds to energy
loss from the viewpoint of the resonator; therefore, the higher
|C| is, the lower the Q of the resonator is, and hence the wider
the resonance bandwidth is.

In fine, for |C| Ñ 0, we have a sharp phase transition,
as required in an ideal HT, but the phase difference is 2π
whereas the HT requires π. Reducing C allows one to reach
the required phase difference of π, but this is at the cost of
a larger phase transition bandwidth. Although the transition
frequency band may not be a fundamental issues in some
applications, we propose here the strategy of cascading two
identical units of Fig. 2 for |C| “ 0.5, which yields a 3π ” π
phase difference with still a relatively sharp transition and also
a relatively small coupling coefficient (3 dB), easily attainable
in electromagnetic couplers.

V. CONCLUSION

We have characterized the coupled loop resonator Hilbert
transformer and proposed an ideal implementation if in the
form of a cascade of two units with |C| “ 0.5. An experimen-
tal demonstration and applications of this HT will be presented
at the conference.
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