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Introduction

The main purpose of this paper is to explain and resolve a number of the peculiari-
ties (such as perfectly reproduced source fields as well as divergent fields to the right
of the slab) exhibited by the solution to a single-frequency sinusoidal source illumi-
nating a lossless magnetodielectric slab with relative permittivity and permeability
equal to negative one [1]-[6]. This is accomplished by showing that the solution for
a time-domain sinusoidal source, that turns on at ¢ = 0 and illuminates a lossless
slab with the slowest possible frequency variation in permittivity and permeability
allowed by causality and energy conservation, has finite fields everywhere and im-
perfectly resolved source fields for all finite time ¢ that the source is turned on. To
do this, we begin with the frequency-domain solution.

Frequency-Domain Solution

The plane-wave solution [7]-[10] for the x component of the electric field E,(z, z)
of a transverse electric (TE) (E, = 0, H, # 0) time-harmonic (e~ w > 0) line
source with no variation in the y direction located a distance d in front of a slab
(infinite in the x and y directions and normal to z) with width L, complex permit-
tivity e = € + i€, and complex permeability p = p' +iy” is given by

1 e To(h)eo? + Ro(h)e™0* | 0<z<d

E.(z,z) = o / eMdh{ Ty(h)e"* 4+ Ry(h)e™™* | d<z<d+1L (1)
TJ T(h)eo? ., d+L<z

Yo=K —h)2, K =wiuge, y=0E-h)E, K=ol (2)

where €, and p, are the permittivity and permeability of the free space in which the
slab is assumed located. For passive materials ¢/ > 0 and y” > 0. The square root
in the definition in (2) of 7, is chosen positive real or positive imaginary depending
upon whether h? < k3 or h* > k2, respectively. The sign of the square root in the
definition in (2) of 7 is chosen to keep the imaginary part of + positive. If k2 is
real and h? < k2, then + is real and the sign of v is found by inserting a small loss,
choosing the imaginary part of v positive, and letting the loss approach zero. This
leads to a positive [negative] real v if € and p are both positive [negative| real.

The plane-wave spectrum T (h) of the fields to the right (z > 0) of the line source (in-
cident fields) is assumed given. For a two-dimensional y directed magnetic line cur-
rent (magnetization), Ty(h) is independent of h and can be written as Ty(h) = Ey/ko,
where Ej is a constant with electric field units and the constant kg is inserted into
the denominator to ensure the proper dimension of F,(x,z). The reflected spec-
trum Ro(h) to the left of the slab, the transmitted and reflected spectra, Ts(h) and
R(h), within the slab, and the transmitted spectrum 7'(h) to the right of the slab
are obtained by equating the tangential components of the electric and magnetic
fields across the interfaces of the slab at z = d and z = d + L. For example,
T(h) = To(h)T,s(h), where the TE transmission coefficient is given as
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Toe(h) = - 3)
o 4 &7V p—iyL — Do _ &V pivL
(2 + €7 + E“/o> e (2 €7 E“/o> e
In the case of the “perfectly focusing” slab [1], [2], €/¢, = p/py = —1 at some

frequency wy and we have v = —v if h? < k* = k% = wipgey and v = v, if A% > k2.
Then 7, (h) = e~ 0% and this leads to

Einc(x, 2) , 0<z<d
) ER¢(z,2d - 2) , d<z<2d
Er(w,2) = infinite divergent field , 2d < z < 2L (4)
En(z, 2 — 2L) , 2L <z
where the incident field to the right of the source in free space is given by
“+o0o
. 1 ,
By (z, 2) = o / To(h)e' " %2 dh | 2> 0. (5)
w

—00
Herein out it is assumed that d < L. In other words, the field to the right of the
source and to the left of the slab is just the incident field of the source in free space.
The field to the right of the front face of the slab and to the left of z = 2d is the
image of the source field. The field between z = 2d and z = 2L diverges to infinite
values. Remarkably, the field in free space to the right of z = 2L is just the incident
field translated to the right a distance equal to twice the width of the slab. This
perfect replication of the free-space source fields for z > 0 in the free-space region
z > 2L to the right of the slab is sometimes referred to as “perfect focusing” [1], [2].

The solution in (4) is so unusual that it warrants further investigation. It is a
solution that assumes the loss in the slab (and the surrounding space) is exactly
zero. It may be physically more appealing to insert a small loss into the slab
and determine the solution for the fields as the loss approaches zero. For sim-
plicity, let the relative loss at the frequency w, in p(wy) and €(w,) of the slab be
equal and denoted by ¢"(wy) = p(wg)/py = €'(wy)/€y > 0. Then eyy/(eyy) =
—14i6" (14 k3/|70)?) + O[(6")%] = —1+id" + O[(6")?] for the evanescent spectrum
if terms in k3/|yo|? are neglected compared to unity and we find that 7., (h) in (3)
for §"” < 1 can be approximated by

e|70|L
Tou(h) =

h? > kg . 6
22 eholl 4 e=holL 0 (6)

This expression reveals that 7., (h)e"“’()'Z, which comprises the evanescent integrand
in the region z > d + L, rapidly decreases toward zero as |h| grows larger than

9 2
Hj ~ (;ln5”> + kZ. (7)

We then find as 6’ — 0

bounded field , 0<z<d—(L—d)
infinite divergent field , d— (L —d) <z<d+ (L —d)
EY" =%z, z) = { bounded field , d+(L—d)<z<2d (8)
infinite divergent field , 2d < z < 2L
En¢(z, 2 — 2L) , 2L <z

where it is assumed in (8) that L/2 < d < L. The fields in (8) conform to those
obtained in [11].

Comparing (8) and (4) reveals that the fields in the region 0 < z < 2d differ
depending upon whether the loss §” in the slab is made to approach zero before [to
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get(4)] or after [to get(8)] the limit of the integration of the evanescent spectrum
is allowed to approach infinity. However, in the important free-space region to the
right of the slab (z > d + L), the nature of the fields is independent of the order
in which the limit of the loss (approaching zero) and the limit of the integration
of the evanescent spectrum (approaching infinity) is taken. In either case, “perfect
focusing” of the source fields for z > 0 is attained in the free-space region z > 2L
to the right of the slab. Also, in either case, the field diverges to infinite values in
the free-space region d + L < z < 2L that lies to the right of the slab. (Note that
an electric field component in a free-space region need not be an analytic function
of the spatial coordinates throughout that region if the field is allowed to diverge to
infinite values in part of that region.)

The “resolution enhancement” R., defined as the ratio of the resolution with Hs to
the resolution with the propagating waves alone (Hs = ky), is given just to the right

of z = 2L by 2
Hs (ﬂln&/) +1. (9)
ko

fe = 2L
For \oInd”/(2wL) > 1, (9) reduces to R, =~ \gInd”/(2nL) [12]. The increasingly
large fields in the region d + L < z < 2L can be found asymptotically as
5 5//’_\7)0 E(] 1 2_1' 1/ —1 X
= ﬂ+@L_@2wwmwef“<zhw'”w‘2L—z'(w)
The asymptotic (6”)2(2L/2=1) decay in (10) is a more accurate than the approximate
decay of (6”)2~*/ determined for the quasistatic fields in [11].

Time-Domain Solution

Let T, denote the frequency-domain spectrum of the same line source used above
but now excited by a sinusoidal wave, cos(wyt), that turns on at the initial time
t = 0 and stays on through the present time ¢. Then the real-valued time-domain
electric field E,(z, z,t) can be expressed in tlr+1e region z > d + L as [10, sec. 5.3]

| By (x,2,1) = Re[By(z, 2,1 (1)
with 100 400

Bo(z, 2, 1) / /T To(h) T, (h)e M0 =N dhdw, z>d+ L.  (12)

For large t, the domlnant contribution in (12) will come from the w integration near
Wy- Therefore, the next step toward evaluating the integral in (12) analytically is to
expand the transmission coefficient 7., (h) in a power series about w = w,. Because
our primary interest lies in evaluating (12) for a lossless slab with relative permit-
tivity and permeability equal to —1 at the chosen frequency w = wy, a power series
expansion of e€(w)/¢, and p(w)/p, which are needed in 7, (h), is
ew) =-1+ iﬁ(wo)(w wy) + O [(w— wo)z] (13)
€g dw
and similarly for p(w). For lossless materials, both causality [13, sec. 84| and energy
conservation [14, app. B] require that these cosfﬁcients hzve the lower bounds
~Eez )z (14
€g dw wO o dw Wy
Consequently, the 2 2 wo)/ € and & ZE o)/ 1o that vary the least rapidly near w = wy
(and thus will reproduce the source fields most closely in the region z > 2L) are
k(w) = éw) = plw) :—l—l—i(w—wo)—l—O[(w—wO)z} . (15)
€0 0 “o
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With (15) inserted into the expression for 7., in (3), one finds that for the prop-
agating waves (h? < k2) it can be approximated by 7., (h) &~ e~?%2L and for the
evanescent waves (h? > k2), the quantity x(w)ye/y = —1 + 4(1 + k2 /|vo?)(w —
wo)/wy + O [(w = wp)?] = =1 +4(w — wy) /wy + O [(w — wy)?] if terms in &§/|o|?
are neglected compared to unity and W|'e |ﬁmd
elnlL
T..(h) = h? > k3. 16
1:(h) —w%(w—wo)zehom 4 e~ IolL? > Fo (16)
0
Substitution of 7, into (12), and an asymptotic integration over w, leads to
+H;

x et ilha+y, (2—2L)]
E (x,z,t) ~ 5 / To(h)e o dh, z>d+1L (17)
w
with —H
2 2 Wy
The resolution enhancement as a function of the on-time ¢ is
H Ao ?
= \/[M ()| + (19)
and an asymptotic expression for E,(z,2,t)ind+ L < z < 2L ast — oo is
+ t—oo E(] e_WOt 2(2L/Z—1) 2x -1 X
E, = T cos | — In7 — tan (20)
ko 2% + (2L — z)? z 2L — 2

with 7 = fyt, confirming the fields diverge as t — oo in the region d + L < z < 2L.
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