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FIG. 3 THE pLATE THICKNESS GAUGE 
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AN UNDERGROUND ELECTROMAGNETIC SOUNDER EXPERIMENT 

L. T. Dolphin, R. L. Bollen, and G. N. Oe~zel 

Stanford Research Institute 
Menlo park, California 94025 

Motivated by ten years of experience in the application of a novel 
short-pulse, high-powered transmitter technique to ionospheric 
probing, and the possiuility of underground sounding at archaeol­
ogical sites in Egypt, we have developed a lightweight, portable 
sounder for underground probing. This equipment has been success­
fully tested in a dolomite mine in California. 

The transmitter technique, allowing the generation of tens of 
megawatts of power, in the region 5 to 100 MHz, makes use of 
pressurized spark gaps as fast switches for discharging stored 
electrical energy through a suitable RF pulse circuit. Previous 
applications required pulses of the order of one microsecond long, 
or typically 8 to 15 RF cycles. 'The exponentially decaying enve­
lope has frequently been an advantage in our relatively narrowband 
applications of ionospheric plasma experiments and long-range prop­
agation studies. However, application of the transmitter technique 
to underground sounding has required the development of a very 
short pulse free from any tail. The short pulse is required 
because of the short ranges to typical underground scattering 
objects. The equipment we developed generates one to one-and-one­
half cycles of RF energy at a peak power of 0.2 MW. (Higher-power 
versions have been built but were not used in the experiment to be 
described.) 

High-moisture content in many surface soils and rocks frequently 
restricts electromagnetic propagation to very short distances at 
the probing frequencies we desired. For example, the attenuation 
at 30 MHz in the clay and gravel soil (6 to 10 percent moisture 
content), adjacent to our Laboratory, is 9 dB/m in summer and 12 
dB/m after winter rains. An abandoned coal mine at Nortonville in 
the San Francisco area provided a somewhat improved testing loca­
tion (4.5 dB/m at 30 MHz) from which probable echoes were obtained; 
however, a conclusive demonstration of the sounder was not possible 
until experiments were conducted in the Inyo Mountains near Lone 
Pine, California at a dolomite mine. 

The primary experimental objective was to detect a known chamber 
in the geometrically complex dolomite mine. After a survey of the 
underground workings was completed, the sounder transmitter and 
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receiver were systematically located at a variety of sites. 

Besides observing the received signal on a two-way basis,a 

receiver was also located in the mine chamber of interest. This 

provided data on one-way propagation time from the surface to the 

chamber and an indication of signal strength transmitted through 

the rock/air interface into the mine. 

The echoes received were complicated in that they did not dupli­

cate the transmitted waveform. There was evidence that the 

received waveform was caused by 'a combination of dispersion anq a 

time overlap of echoes from reflecting surfaces at greater ranges 

than the chamber of interest. The scattering cross section was 

aspect-sensitive and at n~ar specularity to the chamber's ceiling 

was on the order of 100 m • 

Another experimental geometry was chosen to obtain a single echo 

from a tunnel wall. In that case the echo nearly replicated the 

transmitted pulse except for dispersion. The fact that disper­

sion was responsible for differences between the received and 

transmitted waveform was verified by computer simulation. 

The mine chambers detected were located at depths of 100 to 130 

feet. The attenuation coefficient in the dolomite rock was 0.6 

dB/m. None of the mine chambers with a favorable geometrical 

aspect was located farther than 100 to 130 feet from the hillside 

surface, so we did not attempt detection at greater ranges. 

Potential applications of this sounder in addition to use in 

archaeology include probing in advance of the working face of 

deep tunnels, location of old workings from the surface in 

advance of surface strip mining, and application in underground 

surveying, water table mapping, and prospecting. 
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RADAR SENSING OF SOIL MOISTURE 

Fawwaz T. Ulaby and Richard K. Moore 
University of Kansas Center for Research, Inc. 

Lawrence, Kansas 66044 

Remote sensing of soil moisture is of primary concern to hydrologists involved in 
flood forecasting and in the large-scale water resource management of farming 
regions and to meteorologists interested in the energy and mass exchange at the 
air-soil interface. For terrain surfaces such as soil, the dielectric properties are 
strongly derendent upon the free water content in the soil; it has been shown by 
Lundien [1 that the effects of soil type on the value of the dielectric constant are 
greatly overshadowed by the effects of the free water content in the soil, partic­
ularly at the lower microwave frequencies. The effects of soil moisture on the radar 
return have been examined in the laboratory by Lundien [1] and through qualitative 
eval uation of uncal ibrated side-looking airborne radar imager> of Southern 
Louisiana [2]. In in-between phase, namely that of measuring the radar return 
under natural conditions and supported wi th quantitative soi I moisture configuration 
information, up to now has been ignored. 

Airborne Scatterometer Results 

Radar measurements were made from an altitude of 3000 feet during June, 1970 
using 0.4 GHz and 13.3 GHzscatterometers flown by NASA/JSC over a.test 
site near Garden City, Kansas [3]. Antenna patterns are fan-shaped, with narrow 
beams transverse to the flight path, and wide beams along the flight path. Angle 
of incidence within the wide beam is determined by filtering out appropriate 
Doppler-shifted components of the return. The 13.3 GHz antenna has a cross­
track beam width of 2.50 and is onl)( vertically polarized. The 0.4 GHz antenna 
has a cross-track beam width of 6.7" and has both vertically and horizontally 
polarized elements. Aerial photographs and plant and soil data were obtained 
s imul taneously. 

During the fl ights six fields under irrigation totally with in the scatterometer field 
of view were found to contai(1 both wetted and unwetted sections. The 13.3 GHz 
vertically-polarized signals a'l\ low incidence angles (less than 400

) were observed 
to fall drastically (about 7 dB) as the effective antenna beamwidth (Doppler­
bandwidth limited in the along track direction) moved from irrigated to dry portions 
of the same field (Figure 1). Although there is some evidence of moisture effects 
in the 0.4 GHz data, the magnitude of the difference and the range of incidence 
angles over which the difference is significant varies much more from field to field 
than with the 13.3 GHz data. It is suspected that reprocessing the 0.4 GHz 
data to a finer resolution area may yield more conclusive statements regarding the 
response to moisture [3]. 

Radar Spectrometer Results 

Used in this investigation is the radar section of the University of Kansas 4-8 GHz 
MAPS (Microwave Active and Passive Spectrometer) system [4] utilizing two 
parabolic dish antennas mounted paralled on the same platform ontop an antenna 
positioner. Both transmitting (2.5' diameter) and receiving (3' diameter) antennas 
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are equipped with ridged waveguide dual-polarized feeds. The antennas and 

some of the RF components are mounted atop a 75' truck-mounted boom. The 

operator can point at a target at any incident angle between 00 (normal) and 

about 750 and at any azimuth angle. The FM-CW radar produces a return 

averaged over 400 MHz for each of two orthogonal received polarizations, one 

of wh ich is the same as that transmitted. By properly switching the two polar­

ization ports at the antenna feed of each of the two antennas, the scattering 

coefficient can be measured for all four I inear polarization combinations. 

Figures 2a-2c show plots of the HH scattering coefficient for a slightly rough 

field as a function of soil moisture content by weight at 3 frequencies and 4 look 

angles. Based on skin depth calculations, it was decided to use the average 

moisture content in the top 5 cm of the soil as a measure of the moisture content 

parameters. Two major observations are apparent. First, the I inear-portion of the 

family of curves seems to be between about 15% and 30% moisture content; at 

low levels of moisture content, the response is "slow" and at very high moisture 

levels, there is a tendency for "slope reversal",. Second, as the microwave 

frequency is increased from 4.7 GHz to 7.1 GHz, the moisture range of the 

I inear portion of the curves increases. A possible explanation for the decrease 

in the magnitude of the scattering coefficient as the moisture content increased 

beyond 30'10 is that the effect of rain on the soil caused the surface to appear 

"smooth" in terms of the wavelength. The 36% moisture data was collected a 

few hours after a reported 2.83" of rain and the 30% moisture data was collected 

three days later. The smoothing effect of rain caused the backscatter return to 

decrease at 4.7 GHz, but as the frequency was il'1creased to 5.9 GHz and 7.1 

GHz, the surface roughness increased enough to make the surface Jook "rough" 

again. We should also keep in mind that increasing the look angle is equivalent 

to smoothing the surface which explains the apparent successive disappearance 

of the slope reversal effect as the frequency increased from 4.7 GHz to 7.1 GHz'l 

The VV polarization moisture response appears to exhibit a similar behavior as II 

the HH curves exc1j>t for two differences: 1) sl ightly weaker sensitivity to 

moisture, and 2) (J increases only when soil moisture exceeds about 20% /' 

(compared to 15% for HH polarization). Furthermore, the sensitivity of both 

PReoflearreiZnacteisom 10 ,on mo;,'u,e ""peorn 10 dec'e"'e w;,h ;ncre",h", l,equ..,cY,l
i over the 4-8 GHz region. . 

1. J. R. Lundien (1966 U. S. Army Engineer Waterways Experiment Station II 

TR 3-693). 

2. H. C. MacDonald and W. P. Waite (1971 Water Resource ResearchZ,p.100), 

3. F. M. Dickey, R. K. Moore, C. King andJ. Holtzman {l972submitted to I 
IEEE-GE, also CRES TM 177-33 Univer~ity of Kansas Center for Research,lnc, 

4. F. T. Ulaby (1973 submitted to IEEE-AP, also CRES TR 177-35 University of 

Kansas Center for Research, Inc.). 
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EARTH-SPACE PATH DIVERSITY: 
DEPENDENCE ON BASE LINE ORIENTATION 

D. A. GRAY 
Bell Telephone Laboratories 

Crawford Hill Laboratory 
Holmdel, New Jersey 07733 

Attenuation by rainfall is the propagation phenomenon 
which severely constrains the use of millimeter wave­
lengths in ~adio communication systems. Large attenu­
ations, say greater than 3 dB, usually occur in thunder­
storms (and hurricanes which are not discussed here). 
To improve millimeter wave radio system ~eliability 
in the rain enviro~~ent, D. C. Hogg proposed path 
diversitY,l i.e., the use of two transwission paths 
sufficiently spaced so that storm cells can cause large 
attenuation on only one path at a time. This diversity­
scheme has since been studied by various means 2 ,3,4,5,o 
on both terrestrial and earth-space paths. This paper 
discusses a three radiometer experiment designed to 
study how diversity advantage in an earth-space system 
depends on the compass orientation of the straight line 
(base line) drawn between two ground receiving sites. 

The layout of the radiometers is shown in the Figure. 
The antenna beams were pointed approximate:y in the 
direction of a satellite located south of the mid-U.S., 
and in synchronous equitorial orbit. The Crawford 
Hill-Asbury Park (C-A) base line is normal to the 
direction of the satellite, whereas the Perrineville­
Crawford Hill (P-C) base line is perpendicular to the 
former. It is to be noted that the beam from the 
Crawford Hill radiometer passes over the Perrineville 
site at an altitude of 17 km. It is therefore believed 
that a single intense rain cell should not seriously 
affect any two radiometers simultaneously. 

The data were obtained using Dicke radiometers as in 
earlier experiments conducted at Holmdel. 4 The output 
of the radiometers are voltages directly proportional 
to the sky temperature measured. The voltage outputs 
were recorded on Esterline-Angus strip charts from 
which the data have been reduced. There are two primary 
assumptions made in the reduction of the data: (1) the 
rain is a pure absorber at temperature 270 K, and (2) no 
correction for drift in radiometer output is necessary. 
The first assumption is well justified. For example, 
Wilson 4 found that a pure absorber at 273 K was suitable 
for analysing 16 GHz radiometer data. Strickland7 
assumed 278 K for similar data reduction, and added 
retrospectively, that 268 K would better fit his results. 
From empirical evidence, 270 K appears valid, and from 
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theoretical calculations 8 which take into account the 
effects of scatter by the raindrops, the assumption of 
a pure absorber at 270 K appears valid so long as the 
range of derived attenuation is limited to 10 dB; The 
choice of 270 K is believed conservative since it is on 
the colder side of values obtained in experimental 
studies, and consequently, should lead to slightly high 
derived attenuations (that 270 K is conservative has 
been verified by W. L. Mammel and R. W. Wilson.9) As 
far as the second assumption is concerned, experience 
shows that if the radiometer mixers are tuned for 
minimum noise, drift is toward increased noise, and 
increased noise results in higher recorded temperatures. 
Thus, if no correction for drift is made, the derived 
attenuations will err on the high side in the long-term 
average. Furthermore, experience shows drift is seldom 
large, and error introduced by ignoring it is less than 
0.5 dB at the 10 dB level. 

Data was removed from Esterline-Angus strip charts in a 
straightforward way. For each minute, a value for the 
attenuation was transcribed, and from these values 
the appropriate distribution functions of the attenuation 
for each radiometer, each pair of radiometers, and the 
triplet were obtained. The figure pro~ides plots of these 
functions for the period 1 November 1971 through 
1 November 1972: the curves give the number of minutes 
the abscissa was exceeded on the single paths, simulta­
neously exceeded on two given paths, and simultaneously 
exceeded on all three paths . 

The data in the figure clearly shows a greater diversity 
advantage for the C-A pair than for the P-C pair. If 
the path length between radiometers were the only 
variable determining diversity advantage, we would have 
expected the C-A radiometer pair to exhibit the smallest 
diversity advantage. For the experiment at hand, how­
ever, the C-A pair (19 km spacing) not only shows a 
larger diversity advantage than the P-C (27 km spacing) 
pair, but also, an advantage equal to that of the P-A 
(34 km spacing) pair. This suggests the C-A base line 
orientation is close to optimum for the immediate 
Crawford Hill area. 

The results in the figure bear on the selection of site 
locations for satellite systems which use path diversity; 
they imply this: the base line between ground receiving 
stations would best be oriented normal to the direction 
of the assumed satellite. This implication, however, 
must be approached reservedly, for only data from one 
year is involved, the phenomenon measured is not 
stationary from year to year, and the number of events 
accounting for the marked difference in diversity 
advantage is only two. It is of interest that the two 
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events were both caused by the passage of a cold front, 
one with a well developed squall line. Since line 
showers in the New Jersey area exhibit a preferred NE 
to SW orientation parallel to the P-C base li~e, it is 
believed the above results will be reproduced. Indeed, 
an additional five months' data has produced similar 
results, with one squall line causing a third joint 
outage >10 dB and on the P-C pair. 

In applying millimeter waves efficiently to satellite 
communications, studies of diversity advantage are 
important, and we find that radiometers provide an 
economical means for so doing. The experiment at hand 
shows their usefulness in answering the question: "Does 
base line orientation make a difference in diversity 
performance?" 

1. D. C. Hogg (1969 IEEE Trans. on Ant. & Prop. AP-IO, 
p.410). 

2. R. A. Semplak & H. E. Keller (1969 BSTJ 48, p. 1745). 
3. A. E. Freeny & J. D. Gabbe(l969 BSTJ 48~p. 1789). 
4. R. W. Wilson (1969 BSTJ 48, p. 1239). --
5. K. R. Grimm & D. R. Hodge-(1971 OSD Electroscience 

Laboratory Tech. Reps. No. 2374-7). 
6. K. N. Wulfsberg (1973 Radio Science 8, p. 1). 
7. J. I. Strickland (1972 DRSI Spring Meeting, Wash DC). 
8. D. A. Gray (1972 DRSI Spring Meeting, Wash DC). 
9. W. L. Mammel & R. W. Wilson (1973 lEE Conf. on Prop. 

of Radio Waves at Frequencies Above 10 GHz, London, 
April) . 
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MEASUREMENT OF SURFACE TOPOGRAPHY OSING MICROWAVE SCANNING 

TECHNIQUES 

By A.Husain and E.A.Ash 

The basic concept of this novel, non-destructive, 

non-contacting superresolution microscope has been previously 

described,l); the main features are indicated in the figure. 

The aperture in the diaphragm has a diameter which is very 

much less than the wavelength. Some of the radiation is 

perturbed by the object immediately below the hole. This 

component is tagged by vibrating the object and can therefore 

be recovered and measured. U~ing this technique, a grating with 

a period of 250 V could be clearly resolved and displayed, 

using 3 em radiation. 

The'microscope is capable of detecting small 

variations in dielectric constant, and also small changes in 

the topography of a surface. The former ability makes it 

potentially useful in high resolution testing of micros trip 

substrates. The ability to detect small changes in topography 

can be exploited to measure surfaces, and particularly to 

aetect surface cracks. The method is particularly sensitive 

f9r the detection of fine cracks in thin metallic films; cracks 

only 20 ~ wide have been detected in this way. There is 

~vidence that even smaller cracks could be detected, even at 

the present X-band frequency. 

In the proposed talk experimental results on dielectrics, 

thin metallic films and solid metal surfaces will be presented 

~0gpthpr with some of the essential limitations of the device. 
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The capability of the technique, using higher microwave 

frequencies and more sophisticated signal processing methods 

will be assessed. 

'V 1-1..:. .. ______ -. ..... -K:f---l 

,/,.~",".;." .. -Lb2,d:: :brightncss 

X-posilion 

Y -position 

References 

1. superresolution Aperture Scanning Microscope. 

E. A. Ash and G. Nicholls. 

Nature, Vol. 237, No. 5357, pp. 510-512, June 30 1972. 
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DEPENDENCE OF MICROWAVE EMISSION ON MOISTURE CONTENT 
FOR THREE SOILS 

John C. Blinn 111* 
Space Sciences Division 

Jet Propulsion Laboratory, Pasadena, California 

INTRODUCTION: 

Jack G. Quade 
Mackay School of Mines 

University of Nevada, Reno, Nevada 89507 

91103 

During the summer of 1972 a study of the microwave emission from 
moist soils was performed by the Jet Propulsion Laboratory and the 
University of Nevada. It was an extension of a previous study of 
moist sands (Ref. 1) and was designed to demonstrate the effect of 
soil type on the emission characteristics of moist geological mate­
rials and the effect of a regular roughness pattern superimposed on 
the surface of the moist material. 

EXPERIMENT DESCRIPTION: 

The experiments were conducted with three dual-polarized microwave 
radiometers operating at 0.95, 2.8 and 21 cm wavelengths. The radio­
meters were mounted four meters above the target area on the front 
of a van which housed the electronics and a ~inicomputer for real 
time processing of the data. A detailed description of the system 
characteristics and calibration procedures is contained in Ref. 2. 

A controlled target area formed by a 2.4 x 2.4 m box with a wooden 
floor and movable sides was placed in front of the van and filled 
with 15 cm of soil. A fixed increment of water was added, the sur­
face smoothed, vertically then horizontally polarized data taken 
with the three radiometers, and soil samples collected from the 
centers of each quadrant and one from the center of the target. A 
viewing angle of approximately 250 from nadir was used to avoid 
reflections from the van and instrument package. Three soil types 
were studied, Cave Rock Loamy Sand, Mottsville Coarse Sandy Loam, 
Godecke Clay Loam. Moisture data is p~esented as a percentage of 
dry weight. 

The effect of a regular roughness pattern was examined by pulling 
a triangular toothed template over the surface of the water satur­
ated sandy loam. Ninety degree apex angles and tooth spacings of 
2.5, 5, 7.5, and 10 cm were used. The grooves were run first in 
the direction of horizontal polarization (perpendicular to the truck 
axis) and then in the direction of vertical polarization (parallel 
to the truck axis). 

*Now with Environmental Research & Technology, Lexington, Mass. 02 .. ]3 
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EXPERIMENTAL RESULTS: 

Figures 1, 2a and 2b show the effect of moisture content of three 

soils on emissivity at 0.95, 2.8 and 21 em wavelengths (31.4, 10.69, 

and 1.42 GHz frequencies) for horizontal and vertical polarization. 

In all cases, the emissivity remains approximately constant until a 

certain moisture content, then shows a marked decrease as water con­

tent is increased. The following table shows the incremental change 

in emissivity for a one percent change in water content assuming a 

linear decrease from the listed breakpoint moisture. It shows that 

Sensitivitv (-.1e/%) Breakpoint (%) 

IFreauencv (GHz) 1.42 10.69 31.4 1.42 10.69 31.4 

Cave Rock .026 .046 .044 4.5 9.5 10 
H Mottsville .022 .040 .037 1.5 9.0 10 
H 
0 Godecke .023 .030 .028 11 15 15 
CIl 

the sensitivity decreases as the loam and clay content increases, 

the clay loam has a higher breakpoint than the other soils, the 21 

cm data has a breakpoint significantly lower than the 0.95 and 2.8 

cm responses, and because of item 3, the 21 cm sensitivity is less, 

even though the total change in emissivity at 21 cm is the same 

order or larger than the other channels. 

Figures 2c and 2d show the results of the roughneSs experiments 

performed in saturated Mottsville Coarse Sandy Loam, mo.isture 

content 18.3%. The data, presented in the experimental sequence. 

from left to right, shows that roughness has a marked effect wlLich 

is dependent on the wavelength and scale of the roughness. 

This experiment shows that microwave emission from. moist soils 

is a function of both soil type and surface roughness. The data 

exhibits a degree of scatter which is believed to be due to non~ 

specular surfaces and inhomogenities in the material rather than 

a variation in calibration. The scatter does not det,ract from 

the conclusions, but provides a good indication of the trouble 

one might expect in interpreting data from an in-situ measurement 

program. 

REFERENCES: 

1. Blinn, John C., III, and Quade, Jack G., Microwave Properties 

of Geological Materials: Studies of Penetration Depth and 

Moisture Effects, Fourth Annual Earth Resources Program Review, 

NASA Manned Spacecraft Center, Houston, Texas, Jan. 17 - 21, 19J2, 

2. Blinn, J. C. III, Conel, J.E., and Quade, J. G., Microwave 

Emission from Geological Materials: Observation of Interference 

Effects, Journal of Geophysical Research, Vol. 77, No. 23, 

August 10, 1972. 

373 

iii 



en 
ro 

(a) 1.0 (e) 1.0 ~ 
8. ~ 

0.9 c 0.9 g 
>- • >- • "'" 
I- C I- C ..... 
:> 0.8 • :> 0.8 ~ 
Vi C Vi .:s: 
VI • VI C f-'. 

~ 0.7 CAVE ROCK C 25 0.7 GODECKE • • g 
..... LOAMY SAND CLAY LOAM C C ~ 

0.6 • 1O.69V 0.6. 1O.69V ~ 
C 10. 69H • C 10. 69H CD 

0.5 C 0.5 (J) 

o 5 10 15 20 0 25 ~ 

MOISTURE CONTENT, % ~. 
~ ~ 

~ (b) ~ I I I I I I I ~ (d) ~ I I I I ~ <Q 
1. 0 0 98 ~ 0 1. 0 €I Q) 

o 

0.9

t
:.· 9 8 0.9 • I °8 

>- • • ~ 
!:: • • - I 8 ::: 0.8 • 0 2: 0.8 
VI • C VI 0 
VI • VI 

25 0.7 CAVE ROCK· 25 0.7 GODECKE C 

LOAMY SAND • CLAY LOAM 
0.61- 0 31.4V • 1.42V • 0.6 0 31.4V • 1.42V· • 

C 31.4H • 1.42H C 31.4H • 1.42H 
0.5 • 0.5 

o 5 10 15 20 0 5 10 15 20 25 

MOISTURE CONTENT, % MOISTURE CONTENT, % 

Figure 1. Moisture Effects for LOarrlY Sand and Clay LOarrl. 



(0) (e) 1.0 I ~ . ~ ci [] 6 (J) 

CD 

~ . • {Jl 

[] [] [] [] .. {Jl 

0.9 [] [] /0.9- •• ·1 1-'. 
0 
::l 

>- • >- [] 

~ 0.8 ~ 0.8 - - 01:-
[] I-' 

• VI MOTTSVILLE VI MOTTSVILLE VI VI s: 
~ 0.7 COARSE ~ 0.7 I- COARSE - 1-'. 

0 LL.I SANDY LOAM LL.I SANDY LOAM 11 

• lO.69V • • • lO.69V 0 
0.61-- 0.6 I-[] - ~ [] III [] 1O.69H [] 1O.69H ~ 
0.5 0.5 1 ~ _I 1 I 

0 5 10 15 20 0 5 10 5 10 0 (J) 
CD 

MOISTURE CONTENT, % HORIZONTAL VERTICAL ::l V> ROUGHNESS FURROW SPACING, em {Jl "I 1-'. 
U1 "v ::l (b) I ~ I I I I I I I I (d) lot I 

9 B B ~ j 
<0 

• Wk:I"'" U 0 ~ 

8 B 8 [] [] 

001." 8 

[] 
0.9 

~ .. >-
I-

0 2: 0.8 • 2: 0.8 • 
~ 0 7 MOTTSVILLE , 

VI • I • VI 

~ • • MOTTSVILLE • 
LL.I. COARSE LL.I 0.7 0 • • sA2g~RCJAM 

• [] [] • SANDY LOAM • • 
0.61-- 0 31.4V • 1.42V: 0.6 I I o 31.4V • 1.42V 

[] 31.4H • 1.42H [] 31.4H • 1.42H 
0.5 0.5 

0 5 .10 15 20 5 5 10 0 

. MOISTURE CONTENT, % HORIZONTAL VERTICAL 
ROUGHNESS FURROW SPACING, em 

Figure 2. Moisture and Roughness Effects for Sandy Loam. 



Session 46 Array Appl~cations 

OCTAVE BAND WAVEGUIDE RADIATORS FOR 
WIDE-ANGLE SCAN PHASED ARRAYSt 

C. C. Chen 
Hughes Aircraft Company 

Fullerton, California 

The maximum tunable bandwidth of rectangular waveguide phased 
arrays is limited to 58 percent. I A typical design uses thin iris in the 
aperture to obtain an impedance match having a maximum VSWR of 
2.3:1 over a 50 percent band for a 6O-degree half-angle conical 
coverage. 2 This paper presents a method for extending the useful 
bandwidth over 2:1 band. 

Configuration of the element is shown in Figure I. The radiating 
element is a double ridge rectangular guide with the ridge tapered to 
zero thickness at the open end, and a pair of thin irises which partially 
cover the aperture. The size of ridges is so chosen that it raises the 
TE20 mode cutoff and lowers the TElO mode cutoff so as to propagate 
more than octave band of frequencies without higher order modes. 

The design objective of the tested array is 2:1 bandwidth for a ±60 
degree conical scan volume. The rectangular guide used has a 1.1" x 
• 226" cross section arranged in an equilateral triangular lattice so that 
it has a unit cell area of .293 At?, where Atl = 1.1315" free space wave­
length at the high frequency end, fh = 10.438 GHz. Twenty-five percent 
width of the aperture is covered with iris. A .03125" thick fiberglass 
radome with €r = 7.5 is placed at .1" off the aperture. The cross 
section of the ridges is .300" x .125". The measured TE 10 cutoff 
frequency of the ridge-loaded guide is about 4.4 GHz and TE20 cutoff 
is about 1l.8 GHz. Both ridges are linearly tapered to zero height at 
the aperture within a distance of .375". This taper does not create a 
mismatch of more than 1.25: I VSWR from an unloaded guide to a ridge­
loaded guide in the high frequency region. Therefore, no significant 
affects on aperture matching is expected in the high frequency region. 
However, it lowers the TElO cutoff by 20 percent so that the array can 
be operated near or below the cutoff frequency of the straight rectangular 
guide. 

The measured amplitude of reflection in three H-plane waveguide 
simulators are shown in Figure 2. The designed frequency range for 
±600 conical coverage is from 5.22 GHz to 10.44 GHz. Without the 
radome, the average measured reflection loss in these simulators is 
about.6 dB higher than the case shown in Figure 2. Without iris, 
radiation blindness is observed in the high frequency region. The 
estimated maximum VSWR of this array is about 3.6:1 throughout the 
2:1 band. 

tThis work was supported by the Air Force Cambridge Research Labs. 
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Figure I. Configuration of Double Ridge Waveguide Element 
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OMNI-DIRECTIONAL BICONICAL HORN ANTENNA 
USING METAL-PLATE LENS FOR SHF TV BROADCASTING 

T. Saito, K. Uenakada, K. Yasunaga Y. Shibano and S. Yamashita 
Nippon Hoso Kyokai (NHK) Sumitomo Electric Industries, Ltd. 

Tokyo, Japan Osaka, Japan 

In order to provide a large number of TV channels, the 12 GH band 
in addition to the VHF and UHF bands must be used. We devel~ped 
the omni-directional biconical horn antenna using a metal-plate 
lens (b.h.a.l.) shown in Fig. 1 for this purpose and tested at the 
NHK's experimental station. This antenna con~ists of a horizontal 
polarization hiconical horn antenna (b.h.a.)l} and a cylindrical­
shaped metal-plate lens around the aperture of the b.h.a •. The 
particular features of this antenna are a high gain and a null­
filled vertical radiation pattern (v.r.p.) which can be obtained 
by adjusting the phase distribution of the b.h.a. by using the 
metal-plate lens. 

The amplitude distribution and the phase front in the vertical 
direction on the aperture of the b.h.a. can be approximated by the 
half cosine function and the circular arc with its center at the 
equivalent point source of the b.h.a., respectively. The 
calculated antenna gain based on the above two approximations is 
shown in Fig. 2. Figure 2 shows that the size of a high gain 
b.h.a. is too large to be economically realized. This enormous 
size is caused by the large deviation of the phase distribution 
from the constant phase distribution. 

The zoned metal-plate lens shown in Fig. I is used to obtain a 
c·onstant phase distribution. This lens consists of phase cor­
rection elements composed of two adjacent metal plates. Each of 
the metal plates is almost equally spaced from the adjoining one 
and set parallel to both the radial vector of the circular arc 
and the electric-field vector. This lens was designed to 
approximate the phase at the middle point of each space between 
two adjacent metal plates to the constant one. Therefore, the 
correction error of the phase becomes greater as the distance 
from the middle point becomes larger and as the aperture" angle 
becomes larger. This error also restricts the improvement of the 
gain. For example, the measured gain for a b.h.a.~. whose 
aperture length was 22A and aperture angle was 36 was 14.0 dB, 
where A. is the ·wavE!length. This value is 1.2 dB lower than the 
calculated gain for an antenna having a half cosine amplitude 
constant phase distribution, but 6.3 dB higher than that of the 
b.h.a. with the same dimensions. 

A consecant v.r.p. gives an approximately uniform field strength 
over the prescribed service area. Two methods for synthesizing a 
cosecant v.r.p. were developed by us. We called one the half 
cosine amplitude stl!pped phase method and the other the half 
cosine amplitude perturbed phase method. The aperture distribut­
ion of the former consists of a "half cosine" for the amplitude 
and a "slanting step function" for the phase. The slanting step 
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function shown in Fig. 3 is expressed by the equation below; 

!P - d x/L [0 SX ~LJ, -J x/L [-L~ x < 0] (1) 

where )P is the phase difference between the upper and lower 
section and 2L is the aperture length. If 9' = _900 , the v.r.p. 
D(B) of this antenna can be written as: 

D(e) _ sin (S/2 - ][/4) t (S/2) sin (S/2 + 71:/4) (2) 
- S/2 - 7[/4 an + S/2 +7[/4 

where S = 27t:L/"'- sin e and e is a declination angle defined in 
Fig. 3. Equation (2) shows that D(a) is the cosecant beam in the 
sidelobe region when S ~ it/2 . The beam tilt angle can be 
adjusted to the required vaLue by d. When L = 10 ~, y= 90

0 

and tf = 00, then the calculated beam tilt angle is 1.370 , the 
calculated gain .reduction due to null-filling is 0.81 dB and the 
calculated level at the. first null point of the original pattern 
can be improved to -18.2 dB. The measured gain of the b.h.a.l. 
for this case is less than the calculated gain by 1.6 dB. 

The principle of the half cosine amplitude perturbed phase method 
is illustrated .in Fig. 4 for a 2L aperture. The original pattern 
for the half cosine amplitude constant phase aperture distribut­
ion is expressed by the function Po(S/7C.) with the null points 
as sh~wn in Fig. 4(a). In order to fill the ith null point,' the 
imaginary pattern jPi(S/R) as shown in Fig. 4(b) is required.in 
addition to Po. The resultant complex aperture distfibution A(x) 
can be approximated by the equation: 

A(x) ~ [cos (:~ ) ] exp(jai cos(7t x
2

\ +l)/cos (1§ ~ )] 
for Ix I .(L/(i + 0.5) 

= cos (7t x/2L) for L/U + 0.5) < I x I < L 

(3) 

where ai is corresponded to the null-filling level and assumed to 
be infinitesimally small. The measured cosecant radiation 
patterns by these two methods for a 21~ aperture b.h.a.l. are 
shown in Fig. 5. The latter method has two important features. 
First, the gain reduction due to null-filling is less than that 
of the former method. For example, the gain reduction for a 
null-filling of -18 dB at the first null point is 0.8 dB for the 
former method and 0.5 dB for the latter. Second, the sidelobes 
in the v.r.p. are greatly distorted from the cosecant envelope 
when there is a little deviation from the designed phase distri­
bution. This means that a higher quality of design and 
manufacturing are required in comparison to the former method. 

The diameter of the 15 dB omnidirectional b.h.a.l. was 1592 mm 
which is about 1/6 of· the diameter of a.b.h.a. without a lens. 
The aperturOe height was 902mm. The electrical characteristics 
of this antenna are described in Fig. 1

0

, 

Reference 1) Katsuaki Uenakada & Keiichi Yasunaga, "Horizontal 
polarization biconical horn antenna excited by TEllmode in 
circular guide". 1 971-ISAP , 2-1) D4 Sept., 1971 
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Metal-plate 
lens 

Note: 1. Frequency band is from 11.8 GH to 12·.2 GH • 
2. Antenna gain is 15 dB. z z-
3. Circularity is from 3.3 to 5.0 dB. 

Fig. 1 Structure and three dimentional view of omni­
directional biconical horn antenna using metal­
plate lens. 
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L A(x) = cos(~X) 
1.0 S'=S/7t: 
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ADAPTIVE ARRAY RETRODIRECTIVE EIGENVECTOR BEAMS 

William F. Gabriel 
Naval Research Laboratory 
Washington, D.C. 20375 

I 
Consider the adaptive array configuration of Fig.l and its co-
variance matrix, ~, 

. E ] 
-t 

where ~ is a column vector of array element input signals consist­
ing of external interference source contributions plus internal 
receiver noise. The eigenvalues, ~i2, and eigenve~tors, e., of the 
Hermitian matrix ~ are solutions to the eigenvalue proble;~state­
ments, 

and 2 
~ ~i = ~i 4 

Now the components of the unique eigenvectors of ~ may be inter­
preted as array element weights, giving rise to a set of unique, 
orthogonal, normalized, retrodirective, eigenvector beams. The 
eigenvalues themselves, in fact, represent the output powers 
delivered by their respective beams. 

ith eigenvector beam 

where s is a vector consisting of the array element phasing 
associate~ with far field angle, 9. This set of eigenvector 
beams can be further related to an equivalent beam forming net­
work which constitutes an orthonormal matrix transformation for 
the element signals. 

By solving for the adaptive weights generated in the equivalent 
network orthonormal system, one can derive a rather simple ex­
pression for the output pattern function in terms of the 
retrodirective eigenvector beams. For the Fig.l configuration, 
assuming the use of simple RC filters in the correlation 
integrators, the output pattern function, G(9,t), reduces to the 
form, 

G(9,t) 

where G (9) 
q 

" W. 
q~ 

G (9) - ± (l_e-a:i\(~i:~) W . g.(9) 
q i=l ~i q~ ~ 

(~t • li
q

) quiescent beam pattern 

(e~ . W ) eigenvector component of 
-~t -q 

quiescent beam vector 
13. 2 
~ 

!-Lo(--;a) 
130 

equivalent servo gain factor, where 
!-L

o 
is quiescent servo gain 
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w -q 

ex. 
~ 

~ 2 
o 

quiescent beam array weighting vector 

(
1 + iJ.. \ 

. ~ ) transient decay factor 
, / 

eigenvalue for quiescent receiver noise 

This expression shows that the performance of the adaptive array 
is completely controlled by the unique eigenvalues and their 
associated unique eigenvector beams. All non-unique contributions 
to the summation are eliminated by the term i iJ.. - iJ. \ • 

\ ~ 0) 

For the case of a single narrow band interference source, there 
is only one unique eigenvalue and one unique eigenvector, which 
produces a uniform illumination retrodirective eigenvector beam 
centered on the interference source at angle 91 , 

1 

ViZ [ 

sinK(u - U l )} 

sin (u - u
l

) 

and 

where u = (1id/A)sin9, K is the number of elements, and P is the 
ratio of jammer power to receiver noise power at the inputs. 

For the case of two narrow band interference sources, there are 
usually two unique eigenvalues and two unique eigenvector beams, 
but the beams may differ considerably depending upon the 
strengths and locations of the sources. Figs. 2, 3, and 4 
illustrate the patterns and transient performance for two equal 
sources of power ratio, 1250, located close together at angles 
of 18 and 22 degrees respectively. The eigenvalues for this case, 
~12 = 18544 and ~22 = 1057, differ by a large factor which may be 
related to the associated eigenvector beams. Note in Fig. 3 that 
eigenvector beam gl(9) covers both sources in the manner of a 
centered sum beam, and its power gain of approximately 7.43 leads 
to a total power output of 2x7.43x1250 = 18544, the first eigen­
value. Eigenvector beam g2(9), on the other hand, splits the 
sources in the manner of a difference beam, and its power gain of 
approximately 0.422 at the source locations leads to a total power 
output of 1057, the second eigenvalue. The sum and difference 
nature of these two beams explains why their outputs will have zer 
average cross correlation, even though both beam outputs contain 
power from the two sources. In Fig.4, note the two distinct slope 
in the transient response caused by the two different eigenvalues. 

Other multiple source distributions have been computed. 

1 S.P.Applebaum (1966 Syracuse Univ.Res.Corp.Report SPL TR-66-l) 
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ABSTRACT 

ADAPTIVE BEAHFORMING IN THE SPECfRAL IDlAIN 

Sam H. Daniel * 
System Analysis Group 
Motorola, Inc. 
Scottsdale, Arizona 85252 

The adaptive array process is cast into a constrained optimization problem in 
the spectral domain. Basically, the process allows the array to Inaintain constant 
gain in a desired look-direction while simultaneously rejecting undersired inter­
ference. The solution to the problem leads to two versions of a "spectral-domain 
constrained least-mean-squares" (SD-CU1S) iterative algorithm. Convergence con­
siderations lead to optimization of· the algorithm in the noiseless case. Smoothing 
techniques are recommended for the noisy case. A numerical example is included. 

SI'ATfl.1ENT OF THE PROBLEM 

Consider an array of N omnidirectional sensors and assume no cross-coupling 
between them. In the spectral domian, a conventional narrowband array has the con­
figuration shown in Figure 1. The inner product STW constitutes the array's pro-
cessed signal where: - -

S: N-component complex-valued spectral-domain column signal vector 

W: N-component complex-valued spectral-domain column weighting vector 

Vector ~ characterizes the array's radiation pattern. l~en properly chosen, ~ gives 
rise to a single-beam low-sidelobe radiation pattern. The fundamental purpose for 
such a choice is, of course, to receive main-beam power and attribute it to the look­
direction sector of the main beam. However, this passive conventional approach is 
unrealiable in an interference environment; e.g., when a strong interference happens 
to be incident on a sidelobe as shown in Figure 1. The purpose of an adaptive array 
[1], [2] is to minimize the effects of interference while maintaining constant gain 
in a specific look-direction by means of a process that continually varies ~ in an 
appropriate fashion. 

One possible version of an adaptive array process [4] is based on a policy of 
iteratively seeking to minimize total received power with respect to a real-valued 
amplitude distribution A over an initial feasible weighting vector N° under the 
constraint that the component sum of A remain constant. The mathematical statement 
of the process is simply: 

min AT(no~*(~TnO)~ I A (1) 

Subject to: CTA = N 

*The author did this work at the Magnavox Company, Ft. Wayne, Indiana where he had 
been employed until recently. 
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where 

A: N-component real-valued column amplitude distribution vector 

nO: N x N complex-valued diagonal matrix whose diagonal elements correspond 
to WO 

CT: N-component uniform row vector [1 1 .•• 1] 

The ~litude constraint guarantees constant gain in the look-direction associ­
ated with W. Minimization of total received power can only reject interference 
power tmder this constraint. 

TIlE SD-CLMS ALGORITIlM 

Understanding of the problem at hand can be greatly enhanced by appealing to 
its geometrical interpretation demonstrated in Figure 2 for the 2-dimensional case. 
Note that the received power PREC is a non-negative quadratic ftmctional of ~ rep­
resenting a paraboloidal surface with a tmique minimum of zero at the origin. The 
amplitude constraint, on the other hand, is a vertical plane that intersects the 
axes in the first quadrant at 45°; it constitutes the plane of feasible ~'S. The 
curve of intersection comprises the continuum of admissible received power levels. 
Minimum received power is identical to the minimum distance from the curve to the 
~-plane corresponding to an optimal vector ~opt. It is the purpose of the adaptive 
array process described below to approach ~opt along the projected curve on the ~­
plane. 

Given an initial weighting vector ]'!O, it is clear that ~o =~, the tmiform 
vector. Using a projected gradient procedure, it can be shown that subsequent 
improved estimates of ~ are given by 

where 

Ak: the current estimate 

Ak: step-Size, a positive scalar 

rk } 
- avg (2) 

rk: Re{(nOS)* (STW)} , the N-componimt sensitivity vector or gradient vector 

of P~ wi~h-respect to ~k, namely, VAk PREC 

rk the average sensitivity uniform vector - avg 

Defining initial and current processed comp~ex-val~ed scalar signals sTWk by Z and 
Zk' respectively, and using the fact that WK = nOAk, it can be shown That l'! may be 
updated directly according to: --

(3) 

This expression constitutes the standard form of the algorithm. Absorbing consecu­
tive A estimates into the weighting vector, one obtains the alternate form of the 
algori thm, namely, 
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(4) 

Note the similarity of expression (4) to the first iteration in (3). Figure 3 shows 
the mathematical block diagram that exercises the standard form of the algorithm. 
It should be clear that the alternate form, being fully recursive, would correspond 
to a simpler block diagram; however, one more prone to roundoff error. 

CONVERGENCE CONSIDERATIONS 

The choice of Ak has an important bearing in the convergence of the algorithm. 
Under noiseless cond1tions, the standard form of the algorithm will exercise optimal 
power relaxation if 

(5) 

The corresponding optimal step-size for the alternate form may be obtained by simply 
replacing nO in (5) by nk. 

Choosing Ak according to (5) results in maximum rate of convergence in the 
noiseless case. Under noisy conditions, the step-size needs to be a sufficiently 
small fraction of (5) to be practical. Alternatively, [5] the full value of the 
step-size may be retained if a sufficiently smoothed sensitivity vector ~k is used. 

NUMERICAL EXAMPLE 

The standard form of the algorithm has been applied to a concentric tricircular 
planar array of 15 omnidirectional sensors. The look-direction was chosen at 0° with 
no desired signal available there. A single interference was put at 36°. After 10 
iterations, the received power level dropped to -140 dB of its initial value. Figure 
4 shows the situation before and after adaptation. The gain in the desired direction 
has been maintained while the interference has been practically eliminated. 
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BANDWIDTH PROPERTIES OF QUADRUPLE-RIDGED 
CIRCULAR AND SQUARE WAVEGUIDE RADIATORS* 

M. H. Chen and G. N. Tsandoulas 
M.I.T. Lincoln Laboratory, Lexington, Mass. 

For dual-polarization arrays, it is desirable to use radiators 
with at least two planes of identical symmetry such as circu­
lar and square waveguides. Based on the cutoffs of the first 
two (TElO, TEll) waveguide modes, maximum available banrlwidth 
for square wavcg'.lides is about 34% of center frequency[l]. 
For circular waveguides the TEll-TMOl bandwidth is only about 
26.5% of center frequency. Thus circular waveguides compare 
unfavorably with square waveguides as far as maximum bandwidth 
is concerned. The first-higher-order-mode limitation on band­
width has been shown to be valid[1,2] in order to avoid 
mode resonance effects that may give blind spots in the array 
scan pattern. 

In many phased array applications, the circular radiator shape 
is advantageous for symmetry and other reasons. If bandwidths 
much in excess of about 17% (maximum bandwidth reduced by about 
10% to allow good matching to the exciter at the low end of 
the frequency band) are required, some way of increasing the 
available bandwidth is desirable. It has been known that 
ridged rectangular waveguides exhibit greatly enhanced 
bandwidth[3]. The quadruple-ridged circular guide has also 
been considered as a very wideband radiator, until now. Our 
careful theoretical and experimental investigation, however, 
has shown that only a limited increase in bandwidth may be 
available and then only if the design parameters are properly 
chosen. Previous investigations[4] have identified the 
bandwidth-determining TMOI mode experimentally by symmetrical 
excitation of the quadruple-ridged circular guide. However, 
if asymmetrical excitation is applied, the next higher mode, 
the TE2l, propagates and supercedes the !Mol. In the 
resulting ,modal inversion the TE2l mode is heavily loaded by 
the ridges and so its cutoff point is lowered, reducing 
bandwidth (Fig. 1). The computed bandwidth is shown in 
Fig. 2. 

This phenomenon is particularly important in phased arrays in 
which off-bore sight scanning is equivalent to asymmetrical 
excitation with the concomitant entrance of the TE2l mode in 
the excited or near-cutoff waveguide modal spectrum which may 
give rise to blind spots. 

Quadruple-ridged square waveguides do not exhibit any bandwidth 
increase. In fact, bandwidth is always less than the empty 

*This work was sponsored by the Department of the Army. 
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guide value for any ridge size. The bandwidth dependence on 
ridge size is shown in Fig. 3. 

The cutoff wavelength, A
C

' and the transverse field distribu­
tion of a circular or square double-ridged waveguide was 
computed by means of a computer program using the triangular­
finite-element method[5]. The program calculates the eigen­
value, 2n/Ac , and the scalar potential ~, which is related to 
the transverse field distribution. From the Helmholtz 
equation, ~ = Ez for TM modes, and ~ = Hz for TE modes. 
Therefore, the boundary conditions at the waveguide wall are 
~ = 0 for TM modes and d~/dn = 0 for TE modes. It follows 

that the equal potential lines inside the waveguide represent 
the magnetic field lines for TMmodes and the electric field 
lines for TE modes. In this manner a complete set of field 
lines for the significant modes was obtained. Of interest in 
Fig. 1 is the splitting of the TE2l mode. This happens 
because the quadruple ridge loads one of the two orthogonal 
TE2l empty-guide modes capacitively and the other inductively; 
hence the lifting of the degeneracy. 

In the case of the circular guide the perimeter was approxi­
mated by a l6-sided polygon. Increasing the number of sides 
to 32 changed the fundamental eigenvalue by less than 1%. 

The experimental verification of the theoretical predictions 
was carried out by creating a C-band cavity and exciting it 
both symmetrically and asymmetrically by means of a rectangular 
waveguide. The mode resonances were then identified from the 
known cavity length. The agreement between theory and 
experiment 'is shown in Fig. 4 for the circular waveguide and 
in Fig. 5 for the square waveguide. 

It is seen that the maximum bandwidth increase for the circular 
waveguide (Fig. 2) may be obtained with very small ridges. 
In terms of wavelength, the ridge size is so small as to have 
a negligible effect on mutual coupling throughout most of the 
microwave band for arrays with reasonable scan volumes and 
bandwidths. 
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SIGNAL-TO-NOISE RATIO OPTIMIZATION FOR DISCRETE NOISE SOURCES 

Gilles Y. Delisle, Jules A. Cummins 
Department of Electrical Engineering 

Laval University, Quebec G1K 7P4, Canada 

The signa1-to-noise power ratio (SNR) of a receiving array of antennas 
is often expressed as the ratio of two Hermitian forms [1, ~ which 
can be optimized by the technique described by Cheng [~ provided that 
the Hermitian form appearing in the denominator be positive-definite. 
The procedure fails, however, when the denominator is a semi-positive­
definite Hermitian form. This situation arises, for instance, when 
only discrete monochromatic noise sources are considered in the formu­
lation. The performance of the array with respect to signal and noise 
may, nevertheless, be optimized by using a different approach which 
will be described in this paper. 

It is assumed that the system has a narrow bandwidth and that the 
direction of both the noise sources and the desired signals are known. 
The method consists essentially in optimizing the array gain in the 
direction of the desired signals under the constraint that the array 
pattern presents nulls in the direction of the noise sources. Follow­
ing Harrington [3J, the problem is formulated in terms network para­
meters defined at the antenna terminals. Using the admittance matrix 
representation of a system consisting of an N-e1ement array and a 
distant test antenna, the array gain may be expressed as [3J: 

where [Va1 
[Yta1 

[YaJ 

G = 
[Va *J [Y t!J [Y tal [vaJ 

K~~--~~--~---=- (1) 

[Va *J t aa : Y a~ [VaJ 

is the column matrix describing the array port voltages 
is the row matrix of mutual admittances between the arr~ 
ports and a distant test antenna and 
is the matrix of admittances between the antenna array 
ports. 

If the noise sources are assumed to exist in (p - r) directions(with 
p < N) and the desired signals in the remaining r directions, then 
the current I~ flowing at the short-circuited terminals of the test 
antenna may be represented by the following matrix equation: 

11 y1t1 y1 y1 V
1 t t2 tN 

12 y2 y2 y2 
t t1 t2 tN 

yp 
t1 
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where the upper subscript indicates the direction of the incoming 
signals and the lower subscript refers to the array port terminals; 

In view of the constraints imposed upon the radiation pattern in the 
direction of the noise sources, eq. (2) is rewritten in a partiti­
oned form as follows; 

[T1l ] ~ [T12 ] 
- - - - - - - -

[T21 ] [T22 ] ] [. (3) 

where [OJ is a (p - r) column matrix of zeros corresponding to 
the desired nulls in the direction of the noise sources; [Ic] is 
a (r x 1) column matrix correspondi~ to the direction· of the 
desired signals and [T1i] , [T12J , LT21J , [T2zJ ,[Ell and [E2] 
are sub-matrices of dimensions (p- r) x (p - r), (p - r) x 
(N - p t r), r x (p - r), r x (N - p + r), (p - r) x 1 and 
(N - p t,r) x 1 respectively. 

The problem to be solved is then the optimization of eq. (1) under 
the constraints imposed by eq. (3). A solution was obtained for 
a circular array of four cylindrical dipoles using a method proposed 
by Adams and Strait [4J. For the purpose of illustration, Fig. 1 
shows the numerical results computed for the following case; array 
diameter = 0.25A (A is the wavelength), dipole height = 0.5A , 
dipole radius a = 0.007A , direction for maximum gain 60 = 900 , 

~o = 450 and noise sources symmetrical about the signal direction 
at the indicated angles. This figure shows the progressive defor­
mations of the optimum pattern as the noise sources approach the 
direction of the signal source. 

Experimental pattern measurements were made at the frequency of 
750 MHz with the signal processing method shown in Fig., 2.a. Figs 
2.b and 2.c show the measured pattern for a circular array of four 
dipoles. These results indicate that the theoretical computations 
can be closely approched at least for arr~ys having a small number 
of elements. 
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OPTIMUM SIGNAL BANDWIDTHS 
FOR PLANAR PHASED-ARRAY ANTENNAS* 

George H. Knittel 
M. 1. T. Lincoln Laboratory 

Several studies have been made of the effects of dispersion in linear 
phased arrays (1-3). The latter study includes planar phased arrays 
also and examines SIN loss for two matched filter options. An ex­
tension of this study considers pulse broadening of a constant­
frequency pulse caused by array dispersion (4). However, there 
is no consideration of the effects of array dispersion on a linear 
frequency modulated (LFM) pulse and no discussion of whether there 
exists an "optimum" or maximum-useful bandwidth for a phased­
array system. 

In this paper, the effects of array dispersion in a radar system using 
a LFM pulse are considered. There are two principal effects of 
dispersion, loss of resolution (decrease of effective bandwidth) and 
loss of SIN ratio. The relative amounts of these losses depend on the 
choice of the matched and weighting filters in the receiver. It hap­
pens that there is an "optimum" signal bandwidth for a given phased 
array such that a single matched filter (MF), weighting filter (WF) 
combination provides both minimum SIN loss and the full resolution 
of the LFM pulse generated by the transmitter. 

Figure 1 is a block diagram of the important parts (for the purpose 
of this study) of a phased-array radar system. Only the dispersive 
effects of the feed network and phase shifters will be considered 
here; perfect radiating elements will be assumed. 

Figures 2 and 3 show the computed two-way array transmission­
coefficient magnitude (voltage) versus normalized frequency for a 
square array with a 40 x 40 wavelength aperture and either a center­
fed-series by center-fed-series feed or a parallel (equal line length) 
by parallel feed. The feed is assumed to provide a Taylor 30 dB SL, 
1'1 = 6 aperture excitation in each principal plane. The figures show 
that the serie s feed limits the effective bandwidth at broadside (e = 0) 
and that phase-shifter scanning further limits bandwidth at e = 600 • 

The parallel feed has a broader bandwidth at all scan angles between 
00 and 600 than does the series feed. In both cases the dispersion is 
almost entirely in the transmission-coefficient magnitude; the phase 
of the transmission coefficient is constant for the parallel feed and 
linear v s. frequency for the s erie s feed. 

Figure 4 shows SIN loss for the array for two MF- WF options which 
provide either full resolution or minimum SIN loss. Both options 
require filters which are adaptive; i. e., filters whose transfer func­
tions vary with scan angle. The fir st option produce s a perfect com­
pressed pulse; the MF is designed for the incoming waveform and the 

*This work was sponsored by the Department of the Army. 
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WF to provide a perfect Taylor 40 dB SL, n = 8 compressed-pulse 
frequency spectrum. The second option use s only a MF de signed 
for the incoming waveform; no WF is included. This results in 
the minimum SIN loss, but yields a compressed pulse shape which 
has either too broad a main lobe or sidelobes which are too high. 
Notice that there is a point for each feed network at which the two 
filter-option curves are tangent. The value of signal bandwidth 
at this point is termed "optimum" bandwidth. If one chooses to 
operate the array at a greater signal bandwidth and wants full re­
solution (that associated with the LFM transmitter pulse bandwidth), 
he must pay heavily in SIN loss. On the other hand, if one chooses 
the minimum SIN loss design, he pays heavily in loss of effective 
bandwidth because of pulse broadening (not shown by the figure). 
Hence the optimum bandwidth is the maximum signal bandwidth 
which should be used with the array. At greater bandwidths, one 
rapidly loses either effective bandwidth or SIN ratio. The SIN 
loss shown in Figure 4 is relative to that of a perfect system. 
This is a system with a dispersionless array antenna, a MF de­
signed for the LFM transmitter pulse, and a WF to provide a Taylor 
40 dB SL, 11 = 8 compressed-pulse frequency spectrum. 

It happen s that for the parallel feed there is a relationship which 
permits one to calculate "optimum" scan angle, "optimum" aperture 
size, or "optimum" broadside beamwidth rather than optimum band­
width. It is 

BW D 
~ A sin 8 

u 0 

c 

where BW is the percent bandwidth, B is the broadside beamwidth 
relative to that with uniform aperture ~xcitation, Dh is the midband 
aperture size in wavelengths, and 8 is the scan angle.o All square 
arrays with a parallel feed having the same C will have the same 
array transmission coefficient vs. frequency. Hence Figure 4 is a 
universal curve for parallel feed networks and the abscissa could 
be calibrated in units of C where 

C BW (40) sin 600 = 27.3 BW. 
1. 27 

Thus, an array with uniform excitation, Dh = 30, and BW = 5% has 
an "optimum" scan angle of about 500 with C O= 117.4. A similar 
relationship exists for series feed networks. 

It is interesting to note that the optimum bandwidth (or other para­
meter) can easily be determined from the two-way array-transmission­
coefficient curves in Figure 3. If one wants a compressed pulse with 
40 dB SL, 11 = 8,the desired edge-band taper on the pulse frequency 
spectrum i~ o. 11 relative to midband. At the optimum bandwidth 
point, the MF is identical (in transfer function magnitude) with the 
incoming signil.{ (Figure 3) and there is no WF. Hence the array 
transmis sionco'efficient magnitude should be ID.Tl = O. 34. From 
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Figure 3, this yields an optimum bandwidth of about 40/0 (for the 
parallel feed), which confirms the value actually determined in 
Figure 4. Therefore, the frequency which causes an array trans­
mission-coefficient magnitude equal to the square root of the de­
sired edgeband pulse-spectrum taper is the edge frequency of the 
optimum bandwidth. 

There are two principal conclusions from the work presented here. 

1. There is an optimum or maximum-useful bandwidth or aperture 
size or scan range for a phase - steered array. 

2. A planar series-fed phased array has a substantially smaller 
useful signal bandwidth or aperture size or scan range than a 
planar parallel-fed array. For the case shown in Figure 4, 
the optimum bandwidths are 2.80/0 and 4.30/0 respectively. 
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401 

"iii 



Session 46 Array Applications 

1.0 r- / ~~ 

\ 
W 0.8 
o 

= I 
I \ PARALLEL 

:::J 

I- 0.6 
z 
(!) 

« 
~ 0.4 

0.2 

l-

l-

l-

o 
0.95 

1 

I \ FEED 
I 

\ I SERIES I \ 
I \,--FEED 

I 
I \ 

I , 
/ 

.... /, 
1 1 1 ' ...... 1 

1.00 

FREQUENCY 
Figure 2 - Two-way array transmission coefficient 
magnitude vs. frequency; D/ A = 40, e = 0° 
30 dB SL, n: = 6 excitation. ° 

1.0 

PARALLEL 
w 0.8 FEED 0 
:::J 
I- 0.6 z 
(!) SERIES <I 

0.4 FEED ~ 

0.2 

a 
0.95 1.00 

FREQUENCY 
Figure 3 - Two-way array transmission-coefficient 
magnitude vs. frequency; D/ A = 40, e = 60°, 
30 dB SL, n: = 6 excitation. 0 

PERFECT COMPR,ESSED PULSE I 
12 I 

SERIES FEED ~ 

10 

III 
~' 8 
II) 
II) 

9 6 

z 
-;;,. 4 

PARALLEL FEED / 

/ 

I 
I 

I 
I 

I 
I 

/ 

/ -",""'" 
/' , .... 

I 

-

I 

1.05 

1.05 

" .... / ......... PARALLEL FEED 
2 ,"" 

.... ,' 
o ~--=-:.;-;..-:;."-:::::::;;-~ 

2 4 6 

BANDWI DTH (percent) 

8 10 

Figure 4 - SIN loss ·vs. bandwidth for two match-'weighting 
filter options; D/ A

O 
= 40, e= 60°, 30 dB SL, n = 6 

excitation. 

402 



Session 47 Plasma and Ionosphere 

ENHANCEMENT OF MICROWAVE ANTENNA PERFORMANCE IN A REENTRY PLASMA: 
FLIGHT TEST RESULTS OF CHEMICAL ALLEVIATION 

D. T. Hayes, S.B. Herskovitz, J.F. Lennon, J. L. Poirier 
Air Force Cambridge Research Laboratories, Bedford, Mass. 

The effect of the injection of an electrophilic liquid into 
the ionized flow field surrounding a reentry vehicle was observed 
puring the fourth in a series of Trailblazer II flight tests. A 
high vapor pressure liquid, Freon 114B2, was injected in a se­
quence of pulses and the subsequent modification of the plasma 
was measured by a variety of microwave techniques and flush mount­
ed electrostatic probes. The modification consists in the attach­
ment of free electrons to the Freon molecules thus forming nega-
t ive ions. 

The purpose of this paper is to report on the observed 
changes in the performance of the plasma covered microwave anten­
nas resulting from the introduction of the electrophilic liquid 
into the medium. This will be done by comparing present test re­
sults with those from the third flight of the series which had 
the same configuration of microwave experiments. This established 
the basic level of operation of the instruments in the presence of 
plasma since no attempt was made to reduce free electron concentra­
tions over the antennas during the third flight. 

The final component of the four-stage Trailblazer I I rocket 
produces a powered atmospheric reentry. Its configuration is a 
blunt 90 cone with a 6-inch nose radius. The reentry vehicle is 
spin-stabil ized and descends almost vertically. The present 
flight took place on 28 July 1972. During reentry, the payload 
achieved a peak velocity of 16,240 fps and was oriented at a 
relptively large (16.5 0 ) angle of attack. 

The electrophil ic liquid was injected into the flow field 
from a number of ports located at the junction of the hemispheri­
cal nose and the conical afterbody. An S-band (2290.5 MHz) aper­
ture transmitting antenna was situated directly behind the injec­
tion ports followed by a similar receiving antenna. The relative 
position of these elements is shown in Figure I along with a sim­
plified block diagram of the S-band test system components. 

The additive was injected into the flow in a sequence of 
pulses. Since there is considerable variation in the atmospheric 
density over the reentry trajectory, two different injection modes 
were used. The high altitude mode (300 kft down to 170 kft) con­
sisted of just low flow pulses separated by a pause. During the 
second mode (down to around 100 kft) the pulsing cycle consisted 
of low flow, high flow (immediately following)., and then a pause. 
This allowed the effect of different additive concentrations to be 
observed. The pulsed operation produced v~rying levels of plasma 
modification while keeping within the weight and volume constraints 
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of the vehicle payload. 

The effect of the plasma-additive interaction on antenna 
performance was quite evldent. The microwave phenomena observed 
during the fl ight were antenna impedance mismatch,signal attenua­
tion,and interantenna coupling. 

These factors exhibited a complex behavior during the course 
of reentry as a result of the nonzero angle of attack which intro­
duced assymmetry into the flow around the vehicle. Thus, as the 
nose cone rotated, the antennas on the surface were exposed to con­
tinually varying plasma levels. If readings for windward and lee­
ward orientations of the antennas are examined, the corresponding 
changes in antenna performance are clear. 

An example of this is shown in Figure 2. This depicts the 
high altitude results for the power reflection coefficient of the 
third flight S-band transmitting antenna. During the period 
where the reflection began to rise, the windward level at a given 
altitude was always higher than that at the leeward position. Of 
coursei once both orientations represented complete reflection 
there was no longer any variation in response. 

The effect of the additive on the power reflection coefficient 
for windward side conditions is shown in Figure 3a. (The rectangles 
on the time axis in each additive fl ight figure represent injection 
pulses:---fL-low flow;..Ifl..combined). It is immediately obvious that 
the reflection coefficient, which was expected to reach levels of 
0.8 to 0.9 in the absence of chemical additives as indicated Fig­
ure 2, did not approach that level at any time. In fact, its max­
imum was only about 0.3. The gross structure of Figure 3a generally 
shows that there was a decrease i'n reflection coefficient related 
to each chemical additive pulse. 

There is also some finer structure which should be pointed 
out. As the Freon entered the flow field, the reflection coeffi­
cient sometimes increased by a small amount before the expected 
generally larger decrease appeared. This behavior was most likely 
due to the nonmonotonic dependence of the reflection coefficient 
on increasing (or decreasing) plasma density. In Figure.2 the pow­
er reflection coefficient for the leeward side of the third flight 
also shows this effect, so it was not an unexpected phenomena. 

On the leeward s ide as shown in Figure 3b, the power reflection 
coefficient reached values of 0.8. The fact that the leeward re­
flection coefficient is greater than the windward is an unexpected 
result. At the higher altitudes, the reflection coefficient was 
generally reduced by the chemical additive pulses and then return­
ed to higher levels during the interpulse interval. At the lower 
altitudes, the high flow pulses sometimes increased the steady 
state reflection coefficient. As mentioned before, this is thought 
to be due to the complexity of the response of the reflection coef­
ficient to the changing electron densities. 
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In the absence of additive the signal attenuation (peak sig­

nal received at a ground station minus the corresponding instant­
aneous vehicle transmitter reflection loss) is a sharply increas­
ing function of altitude (Figure 4a). During the additive flight 
the attenuation increased much more gradually (Figure 4b). The 
effect of the pulsed nature of the additive injection is apparent. 

I n summary, the add i t i ve reduce.d ref I ect i on I eve Is, enhanced 
received signal intensity and altered interantenna coupl ing 
although space limitations have restricted discussion ~f this 
last aspect. 
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RADAR-SYSTEM CONSIDERATIONS IN ASPECT-SENSITIVE 

IONOSPHERIC SCATTERING MEASUREMENTS 

J. Minkoff 
Riverside Research Institute, New York, N.Y. 10023 

Introduction 

Observations of anisotropic radar scattering from the 
aurora were originally explained l on the basis of very 
long columns of ionization aligned along the direction 
of the earth's magnetic field, B. Although this model 
gave a maximumec2io when the radar line of sight was 
perpendicular to B, which agreed with experimental re­
sults, it provided an aspect sensitivity which was 
found to be too great to fit actual observations. As 
will be discussed below~ however, because of fundamen­
tal limitations imposed by experimental parameters -­
particularly the antenna -- these measurements most 
likely underestimated the true aspect sensitivity of 
the scattering, possibly to a very great extent. 

Following this original scattering model for the auro­
ral radar echoes, Booker2 derived a per-unit-volume 
differential scattering cross section for the ionosphe­
ric medium in terms of the three-dimensional wave­
number spectrum, S, of the random electron-density fluc­
tuations, and the ~nce (mean-square deviation) of 
the fluctuations, IAn\'". In this model the scattering 
is characterized by the longitudinal and transverse 
scale sizes or coherence lengths, Land T, which des­
cribe, respectively, the average distances parallel and 
perpendicular to ~ over which collective scattering ef­
fects take place. Accordingly, the 3-dB widths of the 
wave-number spectrum in the longitudinal and transverse 
'directions are, respectively,-2~/L and~2~/T; for the 
condition of strong aspect sensitivity of interest here 
we must have L » T. 

Within this picture of the scattering process, the pur­
pose of radar measurements is to determine ~, 
Land T. Considering an experimental situation in 
which the radar line of sight lies within the ma~netic­
meridian plane, the angular distribution of the back­
scatter in the meridian plane, or equivalently the as­
pect sensitivity, is determined by the spectrum of the 
electron-density fluctuations along the direction oflB, 
with the angular width of the scattering being of the 
order of AIL, >. = radar wave-length. The strength of 
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the backscattered signal is determined by the transver­
se spectrum of the fluctuations evaluated at';l-"l-= I.l1r/A 
(Bragg scattering condition) and by the variance ~. 

Measurements 

To determine L the procedure is to measure the received 
signal strength as a function of angle of incidence to 
B of the transmitted signal. Ideally, using a very 
narrow antenna beam this would be relatively straight­
forward. In practice, however, because of the finite 
angular resolution of the antenna, this is not the case. 
An analysis of the scattering process,3 in which the 
effects of the finite antenna beamwidth, radar waveform, 
as well as the scattering geometry relative to the 
direction of B have been included, has shown that the 
extent to which L can actually be determined depends on 
the relationship between L and the vertical antenna 
aperture D. If D » L then L can be measured. However 
if D ~ L it is shown that the apparent measured value 
of L will always turn out to be equal to D regardless 
to the true value of L. Stated another way, under this 
condition one measures the aspect sensitivity of the 
antenna rather than that of the scatterers; in fact, 
turning things around, this provides a means of measur­
ing the antenna beam pattern. The situation is shown 
to be an exact mathematical analogue of that encoun­
tered in a communication system, in which an unknown 
signal having a spectral width L is passed through a 
receiver h~ving a bandwidth D. Unless the measured out­
put spectrai width is significantly less than D, say by 
a factor of at least 3 or 4, one can never be certain 
whether o~ not the input has actually beeh faithfully 
reproduced at the output or whether band-limiting by 
the receiver has occur~~d, in which case the spectral 
width of the output is determtned by the system frequen­
cy response. Depending on t'he geometry relative to"t, 
an additional "band-limiting" effect can occur if the 
transmitted pulse is too long. In practice however this 
requirement will not be as restrictive since, for a re­
ceiver fractional b~ndwidth as small as 1%, it can be 
shown that values of L as large as 5 km will not be 
truncated by pulse-width effects. Because the pulse­
width effect occurs in series with the antenna effect, 
antenna considerations w~ll always dominate receiver 
considerations in any p~actical experimental situation. 
It is likely that the rather small estimate of -7 meters 
for L as given by Booker2 is due to "band-limiting" by 
D, since the vertical antenna dimensions mentioned in 
this reference in connection with the experimental re­
sults were evidently quite comparable with this estimate. 
Hence the true value of L for these observations may in 
fact have actually been considerably, larger than 7 meters. 
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As noted above, the transverse scale size T can be de­
termined from measurements of backscattered power vs 
frequency. Since the strength of the received signal 
also depends on the size of the per-pulse scattering 
volume, it is necessary to normalize the data with res­
pect to the dimensions of the scattering volume if the 
quantity of interest is actually to be obtained. How­
ever, merely normalizing with regard only to the size 
of the illuminated volume will not give the correct re­
sult since, because of aspect sensitivity, the contri­
butions to the received signal across the illuminated 
vOlume are nor uniform. Thus the proper normalization 
may be difficult to achieve in practice since for this 
purpose the aspect sensitivity must first be known. It 
is found however that this problem can be considerably 
simplified by proper choice of the experimental parame­
ters. In particular, for this purpose it is shown 3 that 
it is desirable to choose D <~ L. Physically the effect 
of this choice is to cause the antenna beam to be very 
broad in comparison with the scattering beam and, as a 
result, all of the energy in a scattering lobe is col­
lected by the antenna and the aspect sensitivity there­
fore effectively becomes integrated out. 

The quantitative result is as follows. For line of 
sight within the meridian place and normal incidence to 
B we write the per-unit-volume differential backscatter 
cross-section, u, as: 

<T:: b(f1.) SL.(~t~«) 

bl~)= fe2.. \AfI\~ S-r (~~) 
where r = classical electron radius = e'l./ me 1. and 0(. 
is the ~cattering angle measured with respect to the 
normal to "B. For LIT» I it is assumed that the wave­
number spectrum S can be written separably as S= SIoST) 
discussion concerning the reasonableness of this assump­
tion is presented in Ref. (3). It is also assumed, be­
cause of the symmetry imposed by~, that ST is azimuth­
ally symmetric with respect to B and hence a function of 
a single variable only. It can then be shown that to 
determine b(k) from measurements of Pk , the backscat­
tered power as a function of wave number k, the proper 
normalization is given by: 

\-< G~ A~ S G~(~)d~ 
~(A) 

where R = range to scattering cell, K = PT X /(4Tr)1. 
P T = transmitted power, ~= range-resolution cell. The 
antenna gain G is written as G = Go«'() Gil ( t!» where 
~ and p are the elevation and azimuth angles; ~LR) is 
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the observed azimuthal extent of the target at the range 
R; since D «L, G« is effectively constant. The extra 
normalization factor A in the denominator comes about 
because the effective thickness of the scattering vol­
ume is wavelength dependent, being of the order of RA/lL. 

Both ~ as well as S are obtained from b(~). 
To determine 16~IL we makTe use of the standard normal­
ization of S -- which follows from the requirement that 
the spatial correlation function of the electron-density 
fluctuations be unity at the origin -- and, letting 

<>0 

ml = ~ ~b(~)JJR) we obtain directly, 1~"'1'L = 2m l j1rr: 
o 

Antenna Configuration 

From the above discussion we note that interesting fact 
that, whereas in order to measure L we must have D» L, 
for purposes of measuring T it is most convenient to 
choose D «L. Of course in general L will not be known, 
but in any case D < < L can be achieved by using simple 
radiating elements having very broad vertical beamwidths. 
Furthermore the azimuthal angular extent f3(R.) should be 
as small as possible and we wish to make measurements 
over a relatively wide range of frequencies. From these 
considerations we conclude that the ideal antenna for 
purposes of measuring ST and ~ would be a linear 
row-array of broad-band (e.g. log ~eriodic) elements 
with the row 9riented perpendicular to the magnetic­
meridian plane. For purposes of measuring SL it is also 
seen that an array would be required since it is evident 
than any sort of moveable reflector-type antenna would not be 
suitable for this purpose. In this case however the ar-
ray would be oriented parallel to the meridian plane, and 
the ideal antenna for measurement of' all the quantities 
of interest would therefore be some form of two-dimen-
sional planar array. 

As noted above however, true representative values for 
L are not known at this time. Hence, should L prove to 
be very large, it could turn out that a prohibitively 
large number of rows for the array would be required. 
Moreover, for situations requiring an angle of incidence 
9 between the radar line of sight and the array columns, 

the effective number of rows would be reduced by a fac­
tor COSe. From this it is seen that, in fact, measure­
ments of longitudinal scale sizes may prove to be very­
difficult to achieve. 
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CONTROL OF RADIATION PATTERNS 
OF ION ACOUSTIC WAVES 

T.Ohnuma, Y.Tamura, T. Fujita, and S. Adachi 
Department of Electrical Engineering, 
Tohoku University, Sendai, Japan 

Only a few have been reported on the observations of radiation 
patterns of an electron plasma wave or an iO!l acoustic wave. 1) 
We report here the results of the experimental and theoretical 
investigation on the control of the radiation patterns of an ion acou­
stie- wave from an circular disk-shaped antenna. The radiation 
pattern is controlled by applying a D. C. bias voltage to another 
mesh. The change of the radiation pattern is explained as a re­
sult of the in-phase reflection at an electron-rich sheath. 

Experiments were performed in a vacuum chamber which is 160 
cm in length and 32cm in diameter. Argon gas is used at a pres­
sure of P=5. 6xlO-4 Torr.. Four oxcide-coated cathodes are set 
at different positions near the wall of the chamber in order to ob­
tain an uniform plasma. The wall of the chamber is used as an 
anode. The diffused plasmas are used for the experiments. The 
typical plasma parameters are N o <=5xlQ8 Te =1. 5 eV. The space 
potential of the experimental regions is nearly zero volt. The ex­
citation of the signals are performed with one or double grids(3cm 
in diameter). The detection of the signals are performed with a 
grid (lcm in diameter). The wave-patterns of the signals were 
displayed of an X- Y recorder using interferometer technique. 

For the case of the excitation with double meshes, two meshes 
with a same size are set parallel to each other as shown in Fig. 1, 
where VE and VR show the bias voltage of the two meshes. The 
mesh of VE is used for the excitation of an ion acoustic wave. 
The mesh of VR is used for the control of the radiation pattern 
of the ion acoustic wave by changing the bias voltage YR' The 
typical wave-patterns of an ion acoustic wave is shown in Fig. 1. 
The bias voltage VE for the excitation is fixed to VE =-25V. The 
applied voltage for the wave-excitation is Vex=lV peak to peak. 
The observed phase velocity is 1. 5xl05cm/ sec, which is nearly 
in accord with the calculated value by C p =(KT e/mi)1/2. The pha­
se velocity is constant for the experimental frequency region of 
f=50kHz ..... 150kHz. The phase velocity is also independent of the 
exciting voltage Vex which is smaller than 5V peak to peak. In 
Fig.l(A), the signals which propagate for the inverse direction to 
VR mesh are shown when VR is changed. The signals will be 
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called "forward" ones. When the bias voltage VR is negative, the 
signals do. not change largely. When VR is positive, the ampli­
tude of the signals becomes large and nearly twice the signals of 
VR =oV for VR =40V. In Fig.l(B), the signals which propagate th­
rough the potential barrier VR are shown when VR is changed. In 
what follows, such signals are called "backward" ones. In case 
of VR~OV, the signals do not change largely. In case of VR>O'V, 
the amplitude of the signals tend to vanish with increasing YR' 

Figure 2 shows the relative amplitude of the signals for both di­
rections when the.bias vlotage VR is changed, in which the change 
of the forward (F) and backward (B) signals is clearly shown. The 
fact that the sum of the amplitude of F and B .is roughly constant 
says that there happens the reflection of the ion acoustic wave 
near the mesh of YR' That is, the amplitude of F is thought to be 
the sum of the direct signal from VE-mesh and the reflected one 
from VR-mesh. The reflection of the ion acoustic wave is obser­
ved at an electron-rich sheath and the absorption is not observed 
even in an ion-rich sheath. 

Figure 3 shows the typical radiation patterns for d/A =1 and. 2. The 
radiation patterns are obtained from the spatial wave patterns de­
tected by a lock-in amplifier. For the case of VR=OV, in which 
there is no reflection at VR -mesh as shown in Fig. 2, the radiation 
patterns are nearly the same as that for only one mesh excitation. 
In that case, the ion acoustic wave is radiated equally in both si­
des. The dashed curves are the theoretical radiation patterns 
from an circular disk-shaped antenna and the open circles are the 
experimental results, which are nearly in accord with the theore­
tical ones. When the VR bias voltage is chaged to VR =40V, the 
radiation patterns are extremely deformed to uni-directional radi­
ation pattern due to the reflection of the ion acoustic wave at VR = 
mesh. The solid circles show ~heexperimental results. The so­
lid curves are the theoretical radiation patterns obtained by assum­
ing the reflecting mesh as an infinite in-phase reflecting plane. Na­
mely, by applying the image priciple the theoretical pattern is ex­
pressed as 

sin(2kDcos9) 
sin(kDco se) kasin8 

(1) 

where J1> k and D are the Bessel function of order 1, the wave num­
ber of the ion acoustic wave, and the spacing between the meshes, 
respectively. The radius a is d/2. The direction perpendicular to 
the circular disk is chosen as e =0. The theoretical and experimen­
tal results are expres sed with respect to the standard value at VR 
=OV. ande=O~ Although the reflection of the ion acoustic wave by 
VR at VR =40V is nearly 900/0(Fig. 2), the theoretical and experimen­
tal results are found to be in good agreement (Fig. 3). By apply-
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ing two different signals with phase difference to two meshes as 
shown in Fig. 4, we find the fact that due to sheath around the 
mesh the electrical distance is lmm whereas the physical distance 
between two meshes is 4mm. Therefore, we have assumed D= 
lmm for the curves of Fig. 3. 

In conclusion, by use of double meshes spaced apart a little, the 
in-phase reflection of an ion acoustic wave at an electron-rich 
sheath was observed. As a result, the radiation field pattern of 
an ion acoustic wave from an exciter is found to be controlled 
easily. This type of antenna may be available for detecting the 
direction of incident signals and for the excitation of plasmii waves 

to one direction. 

1. K. Shen, S. Aksornkitti, H. C. S. Hsuan, and K, E. Lonngren 
(1970 Radio Science 2, p. 6ll) 

f'50kHz 

VE' -25V 
(fixed) 

2cm 
(A) 

, -
::: 
! 

+30V 

~ 
+40V 

(B) 

Fig.I. Typical spatial wave-patterns of an ion acousrtic wave 
'vhen the bias voltage VR is changed. RF signals are applied 
to V

E 
-mesh only, and VE is the bias voltage. VR -mesh used 

only to apply the bias voltage YR' The patterns of (A) schow 
(forward) signals which detected for the inverse direction to 
V

R 
-mesh as shown by arrawa. The patterns of (B) show (back­

ward) signals which passed through the potential barrier at VR = 

mesh. 
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APERTURE ANTENNA WITH NON-GAUSSIAN PHASE ERRORS 

Petr Beckmann 
Electrical Engineering Department 

University of Colorado, Boulder, Colorado 80302 

Abstract: The paper derives the mean radiation pattern 
of an aperture antenna with random phase errors when 
the errors are a stationary random, but not necessarily 
normal, function with given probability distribution 
and correlation coefficient. The case of exponential 
errors is investigated as an example. 

The field radiated into a direction 6, </l by an antenna 
with aperture S is given by 

f(6,</l) 
J J e ik sin 6 (x cos </l + y sin </l) +'I' (x,y) dxdy (1) 

S (x,y) 

where an irrelevant constant factor has been discarded, 
and it has been assumed that the amplitude excitation 
over the aperture is uniform. The term ~(x,y) is the 
phase error, which ideally should be absent1 we assume 
it. to be a stationary random function over the aperture 
with probability density p(~) and isotropic correla~ 
tion coefficient p(T), where T is the distance be­
tween two points of the aperture. 

Then the mean radiation pattern is 

where~l and ~2 are the values of ~ at two points 
separatea by T. 

(2) 

In particular, if the aperture is circular with radius R, 
we have on setting x - Xl = T cos a, y - Yl = T sin a, 
and integrating over a, 

t i (~ -~2) 
<ff*> = <e 1 > J

O 
(kT sin 6) T dT ( 3) 

o 

Relations (2) and (3) are the general solutions of the 
problem1 but the actual computation necessitates the 
knowledge of the mean value (characteristic function) 
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involved in the integrand. This is well known when '¥ 
is normal, and this case (for a rectangular aperture) 
has been treated thoroughly by Shifrin [1]. 

When '¥ is not (necessarily) normal, we can find the 
required function from p(~) and peT) as follows. 
If p(~) is proportional to the weighting function of 
a set of classical orthonormal polynomials q (~) (and 
if it is not, a simple transformation will m~e it so), 
then as shown in [2], 

( 4) 

and this relation substituted in (2) or (3) will solve 
the problem when only p(~) and peT) are given. 

If, for example, '¥ is exponential with variance 
cr 2 = l/v2, 

p(~) = ve-v~ (~~ 0) (5) 

then the associated orthogonal polynomials qn(~) are 
simple Laguerre polynomials L (v~); then [21 

n 

I (XJ . 2 2 
Un P(~)Ln(~)e~~d~1 = V /(v 2+ l)n+l 
o 

and (4) reduces to a geometric series, so that the 
solution (3) for a circular aperture is 

I
R J (kT sin e) T dT 

<ff*> = __ o~~ __________ _ 
o 1+cr2 [1 - peT)] 

(6) 

( 7) 

which differs markedly from the mean radiation pattern 
of the same antenna with normal errors, 

<ff*> 
(8) 

except for small errors (cr2 « 1), in which case 

2 e-cr (l-P);:: 1 ;:: 1 - cr 2 (l-p) (9) 2 1+cr (l-p) 
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ELECTROMAGNETIC WAVE PROPAGATION IN INHOMOGENEOUS 
MULTILAYERED STRUCTURES OF ARBITRARY THICKNESS--FULL WAVE SOLUTIONS 

E. Bahar 
Electrical Engineering Department, Universi~y of Nebraska 

Lincoln, Nebraska 68508 

Summary 

Full wave solutions are derived to the problem of propagation of 
electromagne~ic waves in multilayered struc~ures of arbitrarily 
varying ~hickness (see Fig. 1). The electromagnetic parame~ers E 
and ~, characterizing ~he medium of propagation in each layer, are 
also assumed to vary along the propagation path (the x axis). The 
sources and observation point may be located in any of ~he (m + 1) 
media of the structure. 

Exact boundary conditions are imposed and the solutions are not 
restricted by the approxima~e surface impedance concep~. 

For the purpose of ~he full wave analysis, generalized ~ransforms 
are used to provide a suitable comple~e expansion for the trans­
verse components of the elec~romagnetic fields. Thus for ver~i­
cally polarized waves the z direc~ed magne~ic field is expressed 
as follows: 

Hz(x,y) = Ho(x,y) + Hm(x,y) + Hs(X'y) - ~ H (x,u) ~ (u,y) 
p p 

~ H (x,u)~ (u,y)d 

00 

+ ~ Hm(x,u)~m(x,u)dum + 
o 

N n n (la) 
~ H (x,u)~ (x,u) 

and 

,000 
o n=l s s 

H (x,u) \H (x,y)Z(u,y)~ (u,y)dy , P = 0, m or s. 
p ":00 Z P 

The basis functions ~p(u,y) 

ca 2/al 

satisfy ~he differential equa~ion 

2 
+ u )~(u,y) = 0 

and the boundary condi~ions at each in~erface, y = h 
r,r+l, 

(lb) 

(2a) 

+, - d 1 + 1 -
~(u,h ) = ;V(u,h ) and a [- ~(u,h ) - -- ~(u,h )] = O. (2b) 

y Er Er +l 

In a similar manner, ~he ~ransverse componen~ of Lhe electric 
field E can be expressed in ~erms of i~s ~ransform E(x,u). In 
~his ca~e, the appropriate basis function is Z(x,y)~(u,y); where 
Z(x,y) is the Lransverse wave impedance; ~hus 

and 

E (x,y) 
y 

~ E (x,u)Z(u,y)~ (u,y) 
p p 

and ~ is ~o be in~erpreted as in (1). 
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The transform functions H(u,y) and E(u,y) can be expressed in 
terms of the forward and backward wave amplitudes a(x,u) and 
b(x,u) respectively. Thus, we define 

H(x,u) = a(x,u) + b(x,u) , E(x,u) = a(x,u) - b(x,u) (4) 

The continuous parts of the wave number spectrum (two infinite 
integrals) correspond to the radiation and the lateral wave 
terms, while the discrete part is identified as the finite set 
of trapped waveguide modes or surface waves. These solutions 
satisfy the reciprocity relationships in electromagnetic theory. 

A wide class of problems such as propagation in the nonuniform 
and inhomogeneous ionosphere layers or the earth's crust as well 
as artificial layered structures may be solved using the analysis 
derived in this paper. In the special case when the bounding 
media of the structure are regarded as perfect electric or 
magnetic walls (].l/E -+ 0 or E/].l-+ 0 respectively) or "rhen they are 
characterized by surface impedances, the electromag~letic fields 
are expressed exclusively in terms of an infinite set of wave­
guide modes and the radiation and lateral wave terms vanish. 
Thus, in these cases, when m = 2 and the electromagnetic para­
meters E,].l are constant, our problem reduces to the problem of 
propagation in a waveguide of variable height which has been 
treated extensively in the technical literature. On the other 
hand, when only one of the bounding media is regarded as an 
electric or magnetic wall or if it is characterized by a surface 
impedance, only one of the infinite integrals in the field 
expansions vanishes. 

In the special case when m = 1, our solutions r.educe to those 
derived recently [1] for the two-medium problems. The solutions 
can also be used to determine the scattering of electromagnetic 
waves from objects of finite cross section embedded in the 
earth's crust or in free space. 

The transform pairs (1) and (3) provide a convenient basis for 
converting Maxwell's equations for Ey(X,y) and Hz(x,y) (in con­
junction with the exact boundary conditions) into the following 
coupled set of ordinary differential equations for the wave 
amplitudes (4). 

and 

d ( *) .S* ( *) - dx a p x,u -~ a p x,u 

BA * BB * * L S (u,u)a (x,u)+ L S (u,u)b (x,u)+J (x,u )/2 pq q pq q p 

d * * * 
- --d b (x,u )+is b (x,u ) 

x p P 

(Sa) 

AB* AA* * = L S (u,u)b (x,u)+ L S (u,u)a (x,u)-J (x,u )/2 (5b) pq q pq q p 

where L is interpreted as in (1) SBA = SAB and SAA = SBB are 
pq pq pq pq 

transmission and reflection scattering coefficients, respectively 
and J is the transform of a z directed magnetic line source. 

p 
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Similar sets of coupled first order differential equations are 
encountered in nonuniform waveguide problems where the wave 
spectrum is discrete. Iterative solutions for the wave 
amplitude (5) may be readily derived and substituted into (la) 
to obtain the desired solution for Hz' When the source and 
observation point are at large distances for the principal 
regions of scattering, this procedure may be simplified by 
using the steepest descent method for integration. 

Excitation of horizontally polarized waves by infinite z directed 
electric line sources may be treated along the same lines. For 
three dimensional problems in which the irregular multilayered 
structure is excited by arbitrary distributions of electro­
magnetic sources, both vertically and horizontally polarized 
waves need to be considered simultaneously since they are 
generally coupled. In this case, the scalar basis functions 
¢(u,y) are replaced by two dimensional vector functions. 
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RADAR CROSS SECTION OF A CONDUCTING PLATE 
BY WIRE MESH MODELING* 

Juang-Lu Lin, Walter L. Curtis & Mervin C.Vincent 
The Boeing Aerospace Co., P. O. Box 3999 

Mail Stop 4A-41, Seattle, Washington 98124 

I. Introduction: In analyzing vulnerability and hardening of an 
aeronautic system subject to an incident electromagnetic pulse 
(EMP), one is often confronted with solving the problem of scatter­
ing by apertures. Instead of resorting to the complicated rigorous 
solutions available in the literature, numerical techniques have 
been widely used in recent years. One approach presented here is 
to determine the aperture field distribution by solving the dual 
problem of the diffraction of a conducting plate modeled by a wire 
mesh. In this way existing computer programs for solving wire 
antennas may be used directly. The computer program used here was 
formulated on the basis of a moment method with point matching and 
pulse expansion functions. 

In the course of determining the surface current density, it is 
quite appropriate to find the far zone field in terms of radar 
cross sections as a first check. For this purpose, the radar cross 
sections of a conducting rectangular plate are studied numerically 
as a function of plate sizes and incident angles on the basis of 
wire mesh models. The numerical results are then compared with 
measurements of radar cross section made with a series of models 
consisting of both wire mesh and conducting plates. 

II. Formulation of Problem: The geometry of the problem is as 
shown in Figure 1. Consider a perfectly conducting rectangular 
plate of height H and length L modeled into wire mesh of square 
grid with side ~ and wire radius roo A plane electromagnetic wave 
with E field parallel to height H is assumed to be incident on the 
plate at an arbitrary angle 8. The case 8=0 0 corresponds to the 

'broadside incidence whereas 8=90 0 is the case of edge on incidence. 

From physical intuition, one expects that ~ should be small compar­
ed to wavelength A and also ro « A such that a thin conducting 
plate can be well represented by the wire mesh model. Reviewing 
the results of antenna and scattering theory known in the past, we 
understand that the current distribution and radar cross section 
of a linear scatterer are functions of radius ro or so called 
thickness parameter n [1]. Following the first order approximate 
solution for a loop [2], it is found that a thin plate can be well 
represented by different square wire mesh models as long as segment­
to-radius-ratio, ~/ro' is kept constant. 

* This work was supported by the Air Force Weapons Laboratory 
Kirtland AFB, Albuquerque, New Mexico, under Contract 
F2960l-72-C-0028. 
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III. Numerical and Experimental Results: To check the accuracy 
of the numerical results, an experiment was performed with a short 
pulse radar cross section range at the frequency of 3..15 GHz. 

Figure 2 shows the radar cross section of a square plate plotted. 
as a function of 6. It is found that the numerical results for a 
wire mesh model with ~/ro=20 agree well with those of experiment/. 
For small incidence angles (6< 20°), the echo area of a wire meSh 
model is almost the same as that of a solid plate, however, it 
tends to deviate as 6 increases. This tendency is reasonable con­
sidering the difference between the discrete distribution in the 
wire mesh and the continuous distribution of current on the solid 
conducting plate. The calculated values for broadside incidence 
compare well with Richmond's results. [3.]. 

In Figure 3, the echo area of a rectangular plate is plotted as a 
function of incidence angle 6. An excellent agreement between the 
calculated and experimental values can be found. 

Another important case solved here is the edge-on incidence where 
physical optics and the geometrical theory of diffraction fail [4]. 
With ~/ro=20, the echo areas of a rectangular plate and a wire mesh 
model with ~=0.53A/4 are plotted as a function of L/A in Figure 4. 
The calculated values compare well to our measurements and those by 
Senior, et a1. [5]. 

An important result can be seen in Figure 5 where the radar cross 
section is shown for a square plate modeled with 3 different mesh 
sizes (4x4, 5x5, and 6x6 segments) but with the ratio ~/ro kept 
equal to 20. If the mesh is to represent a solid plate then each 
model should produce approximately the same results over an appro­
priate range of frequencies. Figure 5 shows this to be the case 
for the square plate example. 
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A NEW MULTIMODE RECTANGULAR HORN ANTENNA 
GENERATING CIRCULARLY-POLARIZED ELLIPTICAL BEAM 

Dr. Ching C. Han and Adam N. Wickert 
Philco-Ford Corporation 

Western Development Laboratories Division 
Palo Alto, California 

A new concept is described,which utilizes a multimode rectangular horn antenna to generate a circularly-polarized elliptical shaped beam. This antenna, used in conjunction with a spacecraft to illu­minate an elliptical shape earth coverage zone, offers high edge­of-coverage gain, low sidelobes, low edge-of-coverage axial ratio, less RF sensitivity to the space environment and low cost. 

To effectively radiate a circularly polarized wave from an aper­ture, the two orthogonal far-field spherical components, EO and E~, must have ,,,qual amplitude and proper phase. For illustration, con­sider only the two principal orthogonal planes of a conventional rectangular hqrn simultaneously propagating only the TEla and TEal modes. The EO and E¢ component do not have equal amplitude off the antenna axis. If a portion of the TElO and TEal mode energy is now converted to the higher order TE12 + TM12 and TE21 + TM21 modes with proper amplitude and phase, the E-plane aperture field distributions can be tapered as shown in Figure 1. Thus, by vir­tue of the higher order TE/TM modes, the effective E-plane pattern width will be iliatched to the H-plane width of the other orthogonal set of modes as depicted in Figure 2. This figure illustrates the equalizatiqn of the EO and Eyi components in the two principal pat­tern planes and the significant reduction of side lobe level of the E-plane components. 

The higher order modes can be generated by a symmetrical disconti­nuity such as a step in an oversized waveguide. The radiation pattern can be calculated by the use of ap~rture field method. l 
Proper phasing of all wanted modes at the aperture and proper polarizer phase to compensate for the phase difference between two orthogonal modes in the rectangular horn section must be warranted to arrive at a sound design. 

,~n experimental X -band model was fabricated to provide maximum gain2 (-4.34 dB level) over an elliptical edge-of-coverage angle of 8.8 x 15.2 degrees. Axial ratios for every 15 degrees pattern 
plane cut are sho',7J1 in Figure 4, in which an axial ratio less than 2 dB over the desired edge-of-coverage angle is, achieved. The corresponding circular polarizatloR'patterns are shown in Figure 5. If one took the desired beamy)idth at 0 = 00 and 900 (in this case 8.80 x 15.20 ) as the mathematical major and minor axis and plotted a true elliptical contour, the deviation of the measured beam shape from this true ellipse is negligibly small. As shown in Figure 6, the multimode rectangular horn did produce an elliptical cross­
section beam. 
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Figure 3--X-Band Multimode Horn Test Model 
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THE BARE BURIED WIRE NEAR AN INTERFACE 

Virgil R. Arens 
Arens Applied Rlectromagnetics, Inc. 

15801 White Rock Road, Gaithersburg, Md. 20760 

Introduction 

A significant part of many antennas that operate below 
30 mHz and nearly all antennas that ~perate below 300 KHz 
is the bare buried wire acting as a counterpoise. 
Considerable interest has been shown these past few years 
in bur.ied antennas both In the EF and UHF regions l 

2. 

because of their potential to providing communications 
to and from physically hardened facilities. Great 
interest has also been exhibited in the use of burieo 
antennas in mine-rescue techniques and geophysical 
prospecting. Thus the concern here is not the solution 
to a half-wave dipole antenna in an infinite homogeneous 
dissipative medium 3 but rather an antenna that consists 
of a three dimensional arbitrary arrangement of bare 
wires located below, near and above the surface of a 
homogeneous finitely conducting half-space. The use 
of insulated wires is noted. They are now under study 
and will be included in this presentation if completed 
in time. 

Discussion 

Following Dr. Wait- most work in the past in this field 
has been broken down into three overlapping distance ranges. 
These are: 

(l) 
(ii) 

(iii) 

P » AD 
P '\, AD 
P « AD 

Where P lS the horizontal separation bet""een transmitter 
and receiver and AD is the free space wavelength. Further, 
the refractive index, n, defined by 

n2 = €r - ja/w€o 

is often assumed to be purely real, where only displacement 
current is considered, or purely imaginary where only the 
conduction current is considered. 

Lastly most efforts in the past have either considered 
an infinitismal dipole, an infinitely long wire, or have 
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assumed some form of current distribution. We have 
developed a numerical approach that is valid for all 
horizontal distances with no restrictions on the 
location of the antenna or the observation point in 
their relationship to the interface. The index of 
refraction is always assumed to be complex as 
defined above. The current distribution is 
determined taking into proper consideration the 
antenna's environment; it is not assumed to be of 
some predetermined form. 

Approach 

The method used results in a set of simultaneous linear 
equations which can be solved for the unknowr. currents. 
As in the pastS the first step is to appeal to thee principl 
of superposition and replace the wire antenna by a finite . 
set of straight wire segments. Further, we assume the 
current on a segment can be represented by the now well 
known three term Fourier series whose coefficients are 
obtainable in terms of the unknown current on the ends of 
the wire and at the center of each segment. 

The next step is the development of an expression for the 
electric field at any arbitrary point in either half-space 
in terms of the unknown current flowing on the wire 
segments. It is the development of this expression for 
the electric field that differs significantly from the 
free space case. Even the free space Green's function 
becomes far more complex since the exponent changes from 
purely imaginary to complex when one is in a finitely 
conducting medium. The evaluation of the infamous 
Sommerfeld integrals, while important for antennas in 
the upper half-space, becomes exceedingly important for 
antennas in the lower half-space. The differences 
from the approach necessary over the upper half-space 
method 6 will be presented. 

Results 

comparisons of input impedance, current distributions, 
and fields will be made with the work of others 3 

7 where 
we have lowered the antenna into the medium to minimize 
the interface effects since the other work was in an 
homogeneous space. Comparisons will be made with, the 
measurements of Fitzgerrell, et al,2 for antennas of 
various configurations in the UHF region. Curves will 
be presented to demonstrate how the system loss between 
a pair of antennas varies as a function of depth in the 
ground for various horizontal displacements. This is a 
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limited study of the creeping wave phenomenon. Lastly 
the far field pattern in the upper half-space of a buried 
HF antenna that would be useful for skywave propagation 
will be presented. 
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ON THE PULSE RESPONSE OF A DIPOLE 
OVER AN IMPEDANCE SURFACE 

James R. Wait 
C.!. R. E. S. IN. O. A. A. IC. U. and I. T. S.IO. T. 

Boulder, Colorado 80302 

In both telecommunication and in applied geophysics one needs to 
understand the transient behavior of an electromagnetic ground 
wave. While the time domain solution can be obtained formally by 
an inverse Fourier transform of the known time harmonic solu­
tion, there are numerous analytical difficulties to overcome. For 
this reason, recourse is often made to approximatlons in both the 
time harmonic problem and the derived pulse response. 

Following the original ideas of Van der Pol (1931) we draw atten­
tion to the possible deficiency in the Sommerfeld theory for the 
plane earth model when detailed information on the pulse response 
is sought for long times. To simplify our discussion we consider 
the idealized situation of a vertical ele,ctric dipole located on the 
plane boundary of an idealized ground that exhibits a surface 
impedance Z(iw) for a time factor exp(iwt) . Specifically we 
deal with the case where the source dipole moment p(t) varies as 
a ramp. function of time. p(t) = Pot u(t) where Po is a constant 
and u(t) is the unit step function at t = 0 • Then the radiation 
component e (t) of a the vertical electric field at distance d on 
the surface is given by (Wait 1956) 

e(t) = -[lJ.ol (2TId)] PoB(t') u(t') (1) 

where lJ.o = 4TI X 10- 7 , t' = t - dlc , c is the velocity of light 
and B(t') is the normalized time dependence of the observed 
field. In the case where the ground is a perfect conductor we 
know that B(t') == 1 • Thus ideally the waveform at the radiated 
vertical electric field is a step-function. In the case where the 
surface impedance is non-zero we must evaluate B(t') as an 
inverse Laplace transform that can be written 

.B(t) = ~-l[F(s)/s] (2) 

where F(s) is analogous to the Sommerfeld attenuation function 
if s is identified with iw in the corresponding time harmonic 
problem. 

For the surface impedance model we know that an exact definition 
of F(iw) is 

-ikd 
e 

d 
F(iw) = ~ (3) 

433 

I Ii 



session 49 EM Theory 

where k = w/c , b. = Z(iw)/120n and H~2) is the Hankel function 
of the second kind. As we can readily verify F(iw) = 1 for b. ~ O. 
For engineering estimates of F(iw) and related quantities it is 
assumed usually that lb.l is small compared with unity. Also the 
parameter kd is considered to be large compared with unity. 
Obviously the latter assumption will be violated at extremely low 
frequencies or at corresponding long times in the transient 
response. In fact, as pointed out by Chang (1973) the relative 
error in F(iw) - 1 may be appreciable. The crucial physical 
question however is whether this will influence the total field to 
any significant extent. To provide insight to this question we 
examine (3) under less restrictive assumptions. 

Following an ingenious suggestion of Van der Pol (1931), we utilize 
the following integral represenlation 

(A 2 _k:)t + i k b. ,,- (l-~ 2 t .J:-t [A 2 _k2 (1~b.2)U2]t dCU2~1)f) (4) 
(1- b. ) 

Thus (3) is equivalent to 2 J. 

-ikd -ikd Iz· ex> -ikd(l-b. )2u 
F(' ) e e . k b. . e d 

1W -d-- = --d- - 1 2 _1,. 2 i u 
(l-b. ) 2 (u -1) 

(5) 

-ikd 
e 

d 
du 

(6) 

It is suggested that for a valid transient calculation the inverse 
transform indicated by (2) be evaluated using (6) for the functional 
form of (2). In general this requires a numerical treatment. Here 
we consider an approximate evaluation that requires \b. 14 < < 1 
but does not require kd to be ·small. Thy:s for the ran~e. of 
integration in (6), we can replace (U2 _l)-2 by [2(u-l)]-'i . With­
out difficulty it is then found from (6) that 

J. 

F(iw) " _ nMd [H(2)(kd) _ ( 2i )2 e -ikdJ e ikd + F (. ) 
2 0 nkd 0 1W 

-ioo 

(7) 

t -p r z2 t -p 1,. 
where F (iw) " 1 + 2p e Jt e dz = 1- i(np) e erfc (ip2) (8) 

o p2 

where p = -ik[l - (1_b.
2

)t]d ~ -ikdb.
2

/2 . Here F (iw) can be 
identified as the Sommerfeld Attenuation Function ~nd p is 
analogous to the numerical distance. Clearly if kd > > 1 , the 
square bracket term in (7) can be neglected and F(iw) ~ F (iw) 

o 
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We can define l1F(iw) = F(iw) - F (iw) as the low frequency cor­
rection to the attenuation functiori'; it is given by 

!:IF = _ TTMd H(Z) (kd) eikd + (TT/Z)i l1(ikd)~ 
Z 0 

Not only does this vanish as kd -? co but also it disappears as 
kd -? 0 • Apparently l1F is most significant for kd at the order 
of one and for values of 1111 that are not too small. 

(9) 

To consider the ip1plications of the transient problem, we as sume 
that l1 '=! (iwe /a)"Z corresponding to a highly conducting homogeneous 
ground of cori'ductivity a • The transient response following (Zl) 
is then given by B(t) = B (t) + l1B(t) 
where (Wait 1956) Bo(t)~.£:-lFo(s)/s =1- exp[-tZ/(4Kd)] 
with K = (za~oc3) -1 = (Z40TTac) -1 and !:lB (t) = .£: -l!:lF / s 

(10) 

The latter is expres sible as a complete elliptic integral K of the 
first kind. Thus, 

where 

with 

!:lB (t) ~ (TTde o)i 1 ~ [1 _ ~ (Zo/ c)~ K] I u(t) 
Zca dt TT (t+ 2d/C)~ 

TT [1 Z Z 1
Z 

. 3
Z 

4 ] 
K = 2" (l+m) 1 + 2 m + 22 m + ••• 

Z Z ·4 
~ 

1 - [l+Zd/(ct)]"B" 

m = 1 + [l+Zd/(ct)]t 

For t -? co we see that 

l1B(t) ~ ~ [TTeoJi 
Zct at 

Even though l1B(t)« 1 it may be true that l1B(t) is greater than 
1 - Bo(t) for these long times. Thus as pointed out by Chang 
(1973) the previous analysis based on the conventional Sommer­
feld attenuation does not p'redict this slow tail portion of the 
transient response of the ground wave. From a physical stand­
point, however, it is doubtful if the neglect of !:lB(t) or !:IF is 
significant. In the range where l1B(t) exceeds 1 - Bo(t) the 
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resultant response B(t) has essentially reached its final value of 
unity. Also we should stress that the induction and static field 
contributions (Wait, 1956) will become important at long times 
not to mention ionospheric influences. 

I wish to thank D. C. Chang and J. A. Fuller for their 
suggestions. 
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THE IMPULSE RESPONSE AUGMENTATION TECHNIQUE* 

C. 1. Bennett 
Sperry Research Center 

Sudbury, Massachusetts 01776 

This paper described a new technique for· obtaining the total impulse response 
and the frequency response (system function) of a target over the entire 
frequency spectrum. This technique can be viewed,as an extension of the space­
time integral equation approach to the large body problem. The validity of the 
technique is illustrated by considering the case of a perfectly conducting 
sphere and comparing the results with those obtained by the cJassical approach. 

The impulse response augmentation technique deals directly with the smoothed 
impulse response of targets in the far field. The smootred impulse response is 
computed using the space-time integral equation approach which has yielded 
good results up to body sizes of several pulse widths or, equivalently, up to 
body sizes of several wavelengths. 2 A Gaussian-shaped pulse is used for the 
incident wave in the numerical formulation to yield a smoothed impulse response 
whose regions of slow variation are 'the same as those in the exact impulse 
response. Moreover, the singular portions of the exact impulse response that 
result from scattering by' specular points on the target can be computed by 
alternate formulations such as physical optics. This technique combines this 
known singular structure with the smoothed impulse response to yield the im­
pulse response and frequency response of the target. 

The impulse response augmentation technique consists of first computing the 
smoothed impulse response of the target by solution of the space-time integral 
equation. The smoothed impulse response is then augmented to remove the con­
tributions due to the singular portions of the impulse response that are known 
exactly. The form of the augmentation function used for this purpose is chosen 
to contain the known singular portion,of the impulse response, together with a 
suitable amplitude and phase form in the frequency domain. 

Next, the Fourier transform of the augmented smoothed impulse response is di­
vided by the transform of the incident pulse to yield the augmented frequency 
response. This function is accurate in the low-frequency region, but at higher 
frequencies, it contains numerical noise which increases exponentially with 
frequency. However, it is known that the augmented frequency response must go 
to zero with increasing frequency and by a suitable choice of augmentation 
function, this high-frequency tail is due mainly to the creeping wave contri­
bution in the impulse response. An estimate of this high-frequency variation 
is applied to yield an estimate of the augmented frequency response over the 

*The work reported here was supported by the Air Force, Rome Air Development 
Center, under Contract No. F30602-71-C-0162. 
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entire frequency spectrum. Finally, the impulse response and frequency response 
are obtained by then applying the augmentation procedure in reverse. 

As an example of this technique, consider the case of scattering from a per­
fectly conducting sphere. Figure 1 displays the Gaussian pulse whose width is 
two-sphere diameters incident on a sphere with radius a The smoothed im-
pulse response that results from the solution of the space-time integral equa­
tion is displayed in Fig. 2. 

The impulse response of the sphere obtained by application of this technique is 
displayed in Fig. 3 along with the theoretical result. In this figure, the 
impulse at t/a = -2 that results from the specular point is immediately 
followed by a negative step. This leading edge response is precisely what 
physical optics would have predicted. The "cusp like" peak at approximately 
t/a = 3.2 is due to the creeping wave which travels around the rear of the 
sphere. From this figure, the agreement is seen to be excellent including the 
neighborhood of the creeping wave. 

The frequency response of the sphere that the impulse response augmentation 
technique yields is shown in Fig. 4 along with the theoretical result that was 
obtained by the classical solution of the boundary value problem. Again the 
agreement is excellent. 

Results which have been obtained for the prolate spheroid and the sphere-capped 
cylinder using this technique will also be presented and discussed. 

References 

1. C. L. Bennett .(1968, Ph.D. Dissertation, Purdue University). 

2. C. L. Bennett, et a1 (RADC-TR-70-177, October 1970). 

438 



Session 49 EM Theory 

xla 
4.0 

-6 -4 -2 10 12 14 16 18 20 

-2.0 
I ncident pulse z/a 

-4.0 

FIG. 1 Incident pulse and sphere with radius a. 

r-
8 

0.6 

~ 
0 

'" 0.4 
:r: 
..:? 

0.2 

-6 -4 6 8 10 12 14 16 18 20 

t la 

-0.4 

FIG. 2 Smoothed impulse response of sphere with radius a. 

439 



Session 49 EM Theory 

0 
""-

0 

"'" 
'" I 
~o 

-6 -4 

J.O 

0.8 

0.6 

0..4 

0..2 

0. 
0. 

0..6 

0..4 

-0..4 

___ Impulse response augmentation 
technique 

+ + + + + Theoretical 

8 10. 

t/a 

12 14 16 18 

FIG. 3 Impulse response of sphere with radius a. 

Impulse response augmentation technique 

+ + + + Theoretical 

10..0. 20..0. 
ka 

FIG. 4 Frequency response of sphere with radius a. 

440 

20. 

30..0. 



Session 49 EM Theory 

RADIATION FROM MOVING CHARGED PARTICLES NEAR ~ CONDUCTOR 

K.S.H. Lee and L. Marin 
Dikewood Corporation, Westwood Research Branch 

Los Angeles, Calidornia 

In finding the electromagnetic field of charged particles moving 
near a conductor there are several. advantages, from both the 
mathematical and physical viewpoint, in first splitting the field 
into its irrotaticnal and solenoidal part. A general procedure 
of doing this is contained in the Helmholtz theorem on vector 
fields. For non-relativistic charged particles theirro.tational 
part of the field can be obtained with sufficient accuracy by 
solving an appropriate quasi-electrostatic problem .and the 
solenoidal part by solving an appropriate quasi-map,;netostatic' 
problem. Let!. be the surface current density on a perfect con­
ductor, and K = K' + K", K' being the irrotatiorial part of K and 
~" the .solenOidal part. Then, the two quasi-static problem;. can 
be stated as follows: 

K' -v fl. v2
j( = cr (1) 

s at 
, 

s 

1. K"+ J~ (V' Gx~")dS' - nXHinc (2) 2-

where Vs is the surface gradient, G is the static Green's function 
and cr is the surface charge density .determined from an electro­
static problem with the instantaneous positions of all particles 
specified. Equation (2) directly gives 'i7s'~" = O. 

The field of a point charge orbiting about a perfectly conducting 
sphere in the equatorial plane is calculated rigorously with the 
aid ·of Debye's potentials. The quantities K', K" and cr are 
reduced exactly to.those deduced from the two q~asi-static 
problems (1) and (2) when Sa/b is small, a being the radius of 
the sphere, b the radius of the particle's orbit, andS = vic 
(v is the particle's velocity). A numerical comparison between 
the exact results and the corresponding quasi-static results 
for K', K" and cr shows exceedingly good agreement for 
Sa/b-< 13/2. A physical explanation for this good agreement 
can be found in the Singularity Expansion Method applied to a 
sphere. From physical arguments the quasi-static solutions 
should give an accurate description of the electromagnetic 
phenomenon involving a charged particle of arbitrary motion in 
the presence of a sphere provided that the particle velocity v 
and its instantaneous radial position rp satisfy the condition 
Sa/rp < /3/2; explicit quasi-static solutions are obtained for 
this general case. 
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INPUT RESPONSE OF SPHEROIDAL ANTENNAS IN DISPERSIVE MEDIA (t) 
Ovidio M.Bucci and Giorgio Franceschetti 
Istituto Elettrotecnico, Universita, Via Claudio 21, 80125 Napoli 
(Italy) and Istituto Universitario Navale, via Acton 38, 80135 Napo­
li (Italy). 

1. Introduction. This paper is concerned with input response of sphe 
roidal antennas in dispersive medial whose geometry is specified in­
terms of interfocal distance 2~, the major and minor axes a and b. 
The antenna is assumed to be ex~ed at a small equatorial gap, of 
width 2s, by an azimuthally independent voltage. In the subsequent a 
nalysis, a spheroidal coordinates system (s,n,$) will be needed, in 
which the antenna surface is represented by s=so, so=a/~, and the gap 
periphery by s=so,n=±no, no~+s/a. The transition to the thin antenna 
case (linear antenna) is obtained by letting b+o, while the transi­
tion to the spherical case by letting ~+O, so~=a=radius of the sphere. 

The input response of the antenna is fully described by its input ad­
mittance Y(s), or by its time response i(t) to a a-voltage (Dirac pul 
se) of unit amplitude. Since Y(s) is the Laplace transform of i(t),it 
will suffice to compute the input admittance Y(s) of the antenna. This 
will be done by assuming the antenna to be surrounded by a homogene­
ous isotropic time-invariant medium described by (s-dependent) permit 
tivity £(s) and permeability ~(s). -

Input admittance of linear antennas has been extensively studied by· 
applying integral equation formulations to the problem [1]. However, 
we prefer to use here a modal approach based on the field expansion 
in spheroidal coordinates. This is also a well known procedure, for 
spheroidal antennas in essentially non-dispersive media [2J or spheri 
cal antennas in dispersive media [3J. In this older formulationslhow­
ever, the computation of the input susceptance of the antenna has not 
received a satisfactory answer, for the case of small gaps. The solu­
tion, of this last problem, as extension of our previous results [4,5 
6J, is a specific contribution of this paper. It allows us to give a 
reply to a question of probably fundamental nature, i.e. under which 
assumptions an input admittance characteristic of the antenna can be 
defined, irrespective of the feeding system (and therefore of the field 
distribution across the gap). In addition, we present an equivalent 
lumped network for Y( s), which sheds light on both the steady-state 
and transient input response of the antenna, this last comprising po­
le (non-dispersive media) as well as branch-cut contributions (disper 
sive media). -

A further notice about transient response seems in order. Generally 
speaking, a transient calculation will need specification of transfer 
functions of seveFal other parts of the link (e.g., of the feeding s~ 
stems). However, in the case of thin antennas, voltages and current 
just across the gap can be measured, so that the computation of the 
input 'response i(t)'of the antenna ~akes sense. This response can be 
used for a wide-band diagnosis or probing of the environmental elec-
tromagnetic properties. . 

(t) This work has been sponsored by the italian Consiglio Nazionale 
delle Ricerche. 
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2. Splitting of the modal series for the input admittance of the an­
tenna. The input admittance of the antenna is given in terms of the 
series [6J 
Y(l;o,n O ,q)=s1TjF In T2n_l (I;o,q) 82n- l (n o,q)/N2n_l (q)=fn Yn (1) 

where q~s~i, s is the complex frequency, Tn(l;o,q) is expressed in 
terms of radial spheroidal functions, 8n(no,q) in terms of angular 
spheroidal functions and integral of the applied voltage across the 
gap, and Nn(q) is a normalization constant. Let 

Y( 1;0' no ,q)=Y( 1;0' ito ,0)+ [Y (I; 0, no, q)-Y( I; 0, n 0 ,0)] =jwC s (1;0' no )+Yd (I; 0, no .q) 

(2) 
Examination of Yd shows that it is uniformly convergent with respect 
to no, being majorate by the series (q/n)2. Only few terms of it will 
be needed for antennas of reasonable dimensions ir: terms of the wave-
length, and the series can be computed for n=o (o-gap). 

The series Cs(l;o,no) needs a more sharp analysis, -.Those result is the 
following 2 . 

C,I'0.,o)=O;I'o>0)+2,b[," ;0 + ~L ~'~t) -lJdt- 'Ro +OI,~'n '0)] (3) 

where ¢(t) is the normalized voltage distribution across the gap,equal 
to zero at its lower-rim. Note that the integral appearing in (3)equals 
o or 0.-345, according to an assumed field constant acrossJor satisfying 
the proper edge conditions at the rims of the gap. The value C' can be 
easily computed for any 1;0' In particular, for (i) linear and tii)sPh~ 
rical antennas, we have 

(i) C~ '" 1T£a/[in ~a - lJ ; (ii) C~ = 0 (4) 

When the integral in (3) is negligible with respect other terms, Cs be­
comes independent of the field distribution across the gap, up to terms 
of order no included. Since this is also the case for Yd , the above is 
recognized as the condition under which an input admittance Y specific 
of the antenna can be defined. 

3. Equivalent network. Let us expand the numerator and the denominator 
of Yn in a series power of s near s=o: 

where ~, 13~ are coefficients which can be obtained starting from [7J 
The rad1us of convergence of (5) is unfortunately unknown, increasing, 
however, with increasing n [7]. Expanding (5) in a continuous fraction 
for s=o, and taking into account the results of Sect.2, an equivalent 
lumped network for Y can be sinthesized. For wl~I~2, the network of 
fig.l is obtained, where the box represents a reciprocal gyrator, and 
the constants y~,i,c,g are known in terms of a's and 13's. In particular 
for (i) linear and (ii) spherical antennas we have 

( 0) 2 l[ 2a J2 [2a 171/ 1 yo= 4 in b -1 i=22 in b - 2'2] 55 
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-2/55R. 2 g=4/9R. 

(ii ) 2 Yo=R.=c=g=l 

F~.2 represent a comparison 
between our theory (dots)and 
King-Middleton second order 
results)while Fig.3 shows a 
comparison with experiments 
(dots and triangles) relati­
ve to an antenna immersed in 
water [8]. 
4. Input response. The stea­
dy-state input response of 
the antenna is now complete­
ly known. Note that the equi 

- 3 -

V:=TJ(til 
'Y: 

C=tilC 

lf~.L G= v'f. 

Fig.l. Equivalent network for the 
input admittance of the an­
tenna. 

valent circuit for Y is consistent with scaling properties of the an­
tennas [9]. Furthermorejeach network component is given as the product 
of two terms, one depending on the geometry of the antenna the other 
on the environment. This is a very useful property in diagnosis or 
probing applications. 

The transient input response i(t) can be inferred as the inverse Lapa­
ce transform of Y(s). For a non-dispersive environment, the response 
is expressed in terms of pole contributions only. Resonant angular fre 
quency we and radiation damping ao are given by 

w2=(1/E~R.ca2)-a~ ao=g/2c~a (6) e 
For a dispersive environment, pole locations are altered: specific re­
sults have been obtained for some practical cases. Furthermqre)new 
branch-cut contributions appear, these last decaying as t-3/ 2 , for t~, 
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Fig.2. Input admittance of thin antenna: comparison with 
King-Middleton second order theory. 
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Fig.3. Spheroidal aLtenna: comparison between 

experimental and theoretical results. 

when the antenna environment is a conductive medium, or a collision­
less plasma. These are therefore the dominant contributions at large 
observation times, and their physical role can be inferred in terms 
of reversible and irreversible parts of power [10]. 
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APPROXIMATE SOLUTION OF A VERTICAL ELEMENTARY 
DIPOLE OVER A CONDUCTING HALF-SPACE 

Richard J. Fisher and David C. Chang 
Department of Electrical Engineering 

University of Colorado 
Boulder, Colorado 80302 

The electromagnetic field of a vertical electric dipole of current moment 
10 dz located a distance Zo above a homogeneous half-space of conductivity a 
and dielectric constant € can be determined from a Hertz vector II which 
has only a z component. The solution for the time harmonic case is given 
by 

where the response function K consists of a direct contribution from the 
source, K1 , and a scattering contribution from the presence of the 
conducting half-space, K2 : 

where 
eiko [(z - zo)' +p'] liz 

K1(z,zo'p) = k [( _ )2 2]lIz 
o z Zo +p 

K (z z p) = i R(a)e1 0 z + Zo -0< J (k pa) -~--i .. ok ( )(1 2)lIz ada 
2 '0 '0 0 0 (I - ( 2 )lIz 

(I) 

and 

Here n is the complex index of refraction, ~ 0 is the intrinsic impedance of 
free space wave number, liz is the unit vector in the z direction, and a time 
dependence of e- iw t is assumed. 

Under the conditions that n(z + zo) ~ 4 or np ~ 50 or both, the 
assumption that (n2 - ( 2 )lIz "'" I in R(a) leads to an approximate expression 
for K2 which is valid over a wide frequency range. Incorporating this 
expression yields 
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K(d,e) 
eh!cz zo)'+p' ei~ 11' 

v(z- ZO)2 +p2 + ~ - -;;-e-d/nH~l)(w~,n) (2) 

wf:re~ = z.+zo:wo = (d+Vd2+p2/n)/(Pl/I-I/n2),andn = pjl-l/n2 . 
Ho )(wo,n) IS an Incomplete Hankel function defined by 

Equation (2) i~ valid for any combination of p and d. However, provided that 
d/ p ~ I and I n I 2 ~ I, an expression for the incomplete Hankel function may be 
obtained in terms of the Fresnel integral defined by 

and the complete Hankel function H~I ;(n). Allowing 
TO = (2/11') ~ +d/n- nJ'h yields from (1) 

a form which is readily evaluated on a computer. It can be shown that 
(2) and (3) have a wide range of applicability than the so-called Sommer­
feld-Norton attenuation function. Also, it can be used to obtain other 
asymptotic formula in various regions. Curves comparing an exact 
numerical integration of (1) with the results obtained using the approxi­
mation contained in the last three terms of (3) indicates that, in the 
case of frequency = 1 :MHz and conductivity = 10-3 mhos/m, the agree~ 
ment in magnitude of K is virtually complete for a horizontal observa­
tion distance of one free-space wavelength. Error in the phase of the 
K-function is nowhere greater than 4% for source height up to 0.6 wave­
length. For a larger source height, (2) instead of (3) is needed. The 
approximate formula is then used to compute the variation of K as a 
function of operating frequency in Figures 1 and 2 for a fixed observation 
distance of 30 Km. Compared with the solution obtained from a perfect 
image theory, the contribution from the groundwave term appears to be 
very significant in providing the phase information. Detailed discussion 
on the behaVior of the electromagnetic fields will be presented. 
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DIFFERENTIAL-GEOMETRY SCALING METHOD 

FOR ELECTROMAGNETIC FIELD AND 

ITS APPLICATIONS TO COAXIAL WAVEGUIDE JUNCTIONS* 

Tse Chin Mo and C. H. Papas 

Electrical Engineering Department 
California Institute of Technology 

Pasadena, California 

and 

Carl E. Baum 

Air Force Weapons Laboratory 
Kirtland Air Force Base 

New Mexico 87117 

Summary 

It is well-known that in mechanics and fluid dynamics one can 

transform or scale one problem and its solution to create a whole class 

of equivalent problems and their solutions[l]. Different problems and 

their solution behaviors of one equivalent class may look very d'ifferent, 

but among them there are properties they share. The essence of such a 

scaling is to get appropriate dimensionless parameters that are common 

to them all. 

However, in electromagnetic (EM) theory the nature and appli­

cation of such a similar scaling method[2], except for conformal mappings 

of static fields, has not been given extensive attention. Only a few 

articles have recently been devoted to it[3]. The purpose of this work is 

to thoroughly investigate and develop the nature, the limitation, the 

usefulness, and the application of such a scaling method for EM theory by 

using differential-geometry approach. 
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We first explore and develop the general framework of the method 

that can carry an EM problem P of complicated geometry into an equivalent 

problem pI of simple Cartesian or other simple geometry with its 

accompanying transformations for medium, geometry, source, and field. The 

advantage of such a procedure is, hopefully, to make the complexities of 

the geometry an~ of the medium "cancel" each other in such a way that the 

resulting problem is simple and solvable. Then we obtain various condi­

tions and limitations of the method as imposed by special choices of 

geometry, medium, and field modes. These include time 'indepenc1,ent scaling, 

orthogonal coordinates, diagonal media, and especially emphasized coaxial 

systems. 

We then present an application of this differential geometry 

scaling method to two specific problems. In one a perfect matching section 

between a cylindrical and a conical coaxial waveguide is obtained by 

appropriately loading the section with inhomogeneous 1-1 and 0, and 

all relevant electromagnetic quantities and geometrical boundaries are 

tabulated. In the other a perfect matching section between two cylindri­

cal coaxial waveguides is found with the appropriately shaped matching 

section loaded by inhomogeneous 0, anisotropic conductivity ~ and 

constant 1-1. All results are tabulated and plotted. 

Finally we noticed that the parallel-plate Cartesian scaled 

version of the fixed 1-1 matching may give the fixed 1-1 matchings of 

other geometrical shapes by permitting some variances in its P'-P scaling 

procedure. This aforesaid aspect, the criterions for a continuous tapered 

matching section, and the non-orthogonal scaling which can make use of 

the Brewster angle transmission in a natural way are discussed for work of 

future interest. 
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Footnotes and References 

Part of this work has been published b:lr T. C. Mo, C. H. Papas, and 

C. E. Baum in the J. of Matp. Phys. 14, 479 (April 1973). Also this 

report is mostly based on EMP Sensor and Simulation Note 169, (March 

1973) by these same authors. Also this work was partly supported by 

the Air Force Weapons Laboratory. 

1. See, e.g., L. D. Landau and E. M. Lifshitz, Fluid Dynamics, Pergamon 

Press (1959), Sees. 19, 53, 118, 119; also, Mechanics, Pergamon Press 

(1960), Sec. 10; for an earlier example of such transforms, see E. J. 

Routh, Proc. London Math. Soc. g 73-89 (1881). 

2. Some different examples of the electromagnetic scaling can be found 

in the following. For conformal mapped waveguide see, e.g., F. E. 

Borgnis and C. H. Papas, in Handbuch der Physik, Springer-Verlag, 

Berlin (1958) ~ 358; also F. J. Tischer, (Correspondence) Proc. IEEE 

2:, 1050 (July 1963), and (Correspondence) Proc. IEEE.2l. 168 (Feb. 

1965); also J. A. Stratton, Electromagnetic Theory, "McGraw-Hill (1941), 

217; also P. Krasnooshkin, J. Phys. USSR ~ 434 (1946); for a 

frequency scaling of reflection see, J. H. Davis and J. R. Cogdell, 

IEEE Trans. AP-19, 58 (Jan. 1971); for a scaling for reducing 

constantly moving uniform simple media, seeR. J. Pogorzelski, IEEE 

Trans. AP-19, (Communication) 455 (May 1971). 

3. C. E. Baum, EMP Sensor and Simulation note 32 (Jan. 1967) and note 64 

(1968); see also P. L. Uslenghi, IEEE Trans. AP-17 (Communication), 

644 (Sept. 1969). 
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TOWARD "ANALYTIC" CONTINUATION OF 
ELECTROMAGNETIC FIELDS 

z. A. Typaldos (deceased) and R. J. Pogorzelski 
School of Engineering and Applied Science 

Electrical Sciences and Engineering Department 
University of California 

Los Angeles, California 90024 

The elegance and power of complex variable theory in 
electromagnetics is well known. (We refer here to the 
direct applications in potential theory rather than 
integral transforms.) A current application is to 1 
scattering of electromagnetic waves from a grating. 
However, many, if not all, of the existing techniques are 
limited to two dimensional problems. In view of the 
fact that electrodynamics is inherently four dimensional 
(reducing to three only upon assumption of a particular 
dependence on one of the variables) this limitation is 
a serious one indeed. What is obviously required if we 
are to proceed much further is some sort of "analytic 
theory" in four dimensions. Unfortunately, such a 
theory in the full complex variable sense is known to 
be impossible. However, in a limited sense a four 
dimensional "analytic theory" (perhaps better termed a 
regularity theory) already exists. This theory was 
developed by Rudolph Fueter and his students and 
colleagues 2- 9 in the 1930's. We have applied this 
formalism to electrodynamics. 

We have found that the regularity (analyticity) condi­
tions; i.e., the four dimensional analog of the Cauchy­
Riemann conditions of complex variable theory, are 
Maxwell's equations of electrodynamics. Some familiar 
and some rather curious solutions of these equations 
have been obtained by means of the Fueter formalism. 
Among the familiar are the field of a point charge, the 
electrostatic multipole fields, and the field of a time 
harmonic point dipole. A more exotic result is a four 
dimensional analog of the simple pole singularity of 
complex variable theory. Associated with this is a 
whole set of four dimensional multipole fields. 

We suggest that Maxwell's electrodynamics is in reality 
a limited four dimensional analytic theory. Thought 
of in this manner the theory could easily possess an 
analog of the analytic continuation of complex variable 
theory. 
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ELECTRICAL CHARACTERISTICS OF A THIN BICONICAL 
ANTENNA OVER A CONDUCTING HALF SPACE 

P. DEGAUQUE, J. FONTAINE and R. GABILLARD 
Electronics Department, University of LILLE 

LILLE, FRANCE 

Previous theoretical works about the determination of the 
electrical characteristics of biconical antennas supposed that the 
surrounding medium is infinite in extent or, at least, that this 
medium has a revolution symetry. Such assumptions are valid if the 
antenna is situated at a sufficiently great distance from an interface 
in order to neglect its influence. We have studied the general case 
of a thin biconical antenna whtch could be located near the air-ground 
interface. In a recent paper(1 we have supposed th~t the antenna is 
situated in the ground, in a low-loss encapsulant. We present here 
the case of a vertical antenna above the earth. 

The. perfectly conducting biconical antenna of length 2a and 
cone angle eo defines a spherical region (I) of radius a, at a 
distance h from the air-ground interface, as shown in fig.l.a. The 
region s( I) and (2) correspond to the air, and the medium (3) to the 
earth. 

3 

h 

2 air 

3 ground 

z 

fig.l.a. fig.l.b. 

To find the boundary conditions betwyen the different media, 
we use a method investigated by D'JAKONOV(2 , by treating the problem 
of two non concentric spheres. If Ro is the radius of the outer sphere 
(fig.l.b.), the result for a plane interface is obtained by letting 
Ro+oo while holding h constant. Two systems of s~herical coordinates 
are used. The first (r,e,~) is referred to the center of the internal 
sphere and the second (R,el'~) to the center of the external sphere. 
The centers are located on the z axis at a distance i from each other. 
The propagation constant y. and the wave impedance n. are defined.by : 

L L 
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fig.3. 

Fig.3. shows the va+iation of the input resistance, for a half 
wave antenna, as a function of the ratio hfA. In this last case, we have supposed that the ground is a perfect conductor. From these curves, we see that the magnitude of ,the total current is affected by the presence of the ground even at a distance of a wavelength. 
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I. Introduction 

Introduction to SEM 

Carl E. Baum 
Air Force Weapons Laboratory 

Kirtland AFB, New Mexico 87117 

The Singularity Expansion Method (SEM) historically is an outgrowth 
of an experimental observation concerning the transient response 
of a wide variety of complicated objects. l The observation of 
damped sinusoids nnd other apparently simple waveforms in the re­
sponse implied pole terms in the response considered in the com­
plex 'frequency or s plane. This led to a consideration of the re­
sponse of various,types of objects in the s plane and the descrip­
tion of the response in terms of the singularities of the analytic 
functions of s describing the response (hence the name of the 
method). While in general one can have poles, branch cuts, and 
essential singularities in the finite s plane as well as entire 
functions (singularities at infinity) the important 3ingularities 
are limited to certain kinds depending on the type of problem at 
hand. Particularly in the important case of pole singularitiesl ,2 
the singularity expansion is equally simple in form in frequency 
and time domains without needing numerical Fourier transforms; the 
same expansion coefficients are used with either poles or damped 
sinusoids. While SEM has been developed to treat electromagnetic 
problems the formalism can be applied directly to other linear 
problems such as acoustics. The basic concept from analytic func­
tion theory can perhaps be applied to some nonlinear problems as 
well. 

II. Expansion of Currents and Charge Densities 

For some objects solutions can be obtained in terms of analytic 
functions from which a singularity expansion can be obtained. For 
more general objects of finite size one follows the procedure for 
a delta function excitation in time (Laplace transformed) with 
only first order poles included here asl ,8 

; + + -+ ,,_ -+ -1 
<1";U> = I (integral equation), U= L.."n \i (s - s) + possible entire 

a a a a function 
-+ <r ;~>=O, <t;t> (natural frequencies, modes, and coupling vectors) 

o 0 

(coupling coefficient at sa) 

There are two presently used forms of coupling coefficients 
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(sa-s)t' 
e -7 

-7"* -7 

Class l'coupling coefficient special­
ized to exponential form with turn on 

<].1;l·l;V> time t' 

-7-7 
<].1;I(S)> 
-L~-7~~-Class 2 coupling coefficient (convolution form) 

-7"* -7 
<].1; 1'1; V> 

The charge density response is found from 

V~P) = - (caa/s
a

) \I • V 

with an additional coefficient of (aac)-l in the terms of the nor­
malized response. For more general excitation waveforms f(t) the 
Laplace transform its) is used to define objec~ and waveform parts 
of the response as 

-+ -v-++'+ 
V fU = Vo + Vw + possible entire function 

-+ 
V 

o 
,,_ - -7 -+" 
L."f(s)n V (s-s), V = L." 

a a aa a w . 
terms from singularities of its) 

Note that the different terms in the expansion depend .on different 
variables of the problem of interest so that the response factors 
somewhat. 

III. Expansion of Radiated or Scattered Fields 

Having calculated the current density (or surface current density 
or line current) one can then calculate the potentials and flelds 
using the Green's functions 

G 
o 

and 

go 
f 

e -yl;-;' I 

the far field 

- lim reyrC; 
y-7OO 

0 

± [t 1 ]-G = I--\I\1G 
o y2 0 

forms 
-7 -7 

ye • r' -+ r e -7 
411 go -

f 
lim 
y-7OO 

s 
y - c 

-+ 
reY~ 

0 
[t -7 -7 ] =g I-ee 

of R R 

From these one can have a singularity expansion of the far field, 
for example, in the form of a normalized delta function response 
as 

There are other forms of far field expansion in which s is in­
cluded with the natural mode (similar to the variation among the 
classes of coupling coefficient) . 

460 

---------



Session 53 Singularity Expansion Method 

IV. Problems and Extensions 

While SEM is clearly a very useful way to consider the electromag­
netic response of various objects there are still many questions 
concerning the relative efficiency of various SEM forms ru1d exten­
sions of the theory to more powerful results. The coupling coef­
ficients have various forms with different rates of convergence. 
In some cases second and perhaps higher order poles enter the ex­
pansion. Efficient procedures for evaluating branch cuts inte­
grals associated with infinite objects and the presence of lossy 
semi infinite media are needed. By relating the natural modes to 
other forms of modal expansions one may find more efficient ways 
to evaluate other kinds of modes and provide other useful rela­
tions among the natural modes. SEM expansion forms can be used to 
analyze experimental data on the response of complicat.ed objects 
by decomposing it into the SEM quantities. It seems that the more 
we find the more questions are naturally raised. 
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NUMERICAL ASPECTS OF THE APPLICATION OF SEM 
TO ELECTROMAGNETIC BOUNDARY VALUE PROBLEMS 

F. M. Tesche 
The DikewoodCorporation 

Albuquerque, New Mexico 87106 

1. Introduction 

The Singularity E~pansion Method (SEM) which was proposed by 
Baum, (1) has been employed by a number of other investiga­
tors(2, 3,4) for the purpose of obtaining the tim'e domain solution 
to various electromagnetic boundary value problems. Although 
many different structures have been considered by using SEM, the 
numerical difficulties associated with obtaining the solutions in 
each case are very similar. This paper discusses some general 
aspects of the numerical implementation of SEM alo:J.g with an 
overview of the work to date in this field. 

II .. Theory 

This technique describes the scattering or radiating properties of 
an obstacle in terms of its exterior natural resonances which, in 
the Laplace transform domain, correspond to poles of a response 
function in the corhplex s plane. At each complex pole, it is 
possible to define a natural mode and a coupling vector which form 
a matrix of residues. The time domain res'ponse of the structure 
can be determined as in classical circuit theory by using Cauchy's 
integral theorem to perform the lhverse Laplace transform. 

Following Bauin's notation, the current J induced on the surface of 
a conducting obstacle due to an incident field (scattering) or' an im­
pressed field (anterma) is the solution to an integral equation 

kKCr,f';S) . J(f',s)dS' = F(f,s) , (1) 

where F is the incident field which excites the currents on the body. 
This represents the H field or E field equation, depending upon the 
application. This equation is conveniently represented as 

(2) 

The natural frequencies, sa.-' are those such that Eq. (2) has a non­
trivial solution for F = O. This solution, denoted by va.-' and 
referred to as the natural mode, satisfies the equation 

<I<';V>=O (3) 
a.- a.-. 
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Another vector Ma which satisfies 

< Ii ;K > = 0 
0' 0' 

can be defined, and is called the coupling vector. Using these 
definitions, the obstacle current may be represented as 

" v (F) , 
J(F, s) = 2 (: _: ) + possible entire function of s 

0' 

where the coupling coefficient "0' has the definition 

<Ii ;F > 
_ 0' 0' 

"0' - </1 ;K1 ;v > 
0' 0' 0' 

(4) 

(5) 

(6) 

with Fa;: F(F, sa) and K1 ;:: (K)I _ . 
t o d ° ° ld 0' s s-s 

Transforming this to the 
Ime omain Yle s 0' 

s t 
Jer, t) = 2 " v (:r) U(r, t) e 0' + possible response at (7) 

0' 0' 0' poles of F(s) 

where U (r, t) is the Heaviside function introduced to insure causality. 

III. Numerical Results 

The first application of SEM to particular structure was in a thin­
wire scattering problem. (3) This has since been extended to the 
antenna problem. The poles, natural modes and coupling vectors 
are the same, with only the coupling coefficient being different. 
The poles for a thin-wire antenna of a/h = .01 (n = 10. 59) is shown 
in Figure 2. Associated with each pole is a natural current mode 
as shown in Figure 3, and a natural far field mode, as in Figure 4. 
Figure 5(a) shows the time dependent currents at the input and at 
z = ±h/2 as constructed by SEM. Figure 5(b) shows the linear 
charge density at z = h. The time domain radiated electric field 
is shown for various angles of observation in Figure 6. 
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NATURAL-MODE REPRESENTATION OF TRANSIENT SCATTERED FIELDS 

Lennart Marin 
Dikewood Corporation, Westwood Research Branch 

Los Angeles, California 

The analytical properties in the complex frequency (s) plane of the 
field scattered from a perfectly conducting, finite body are investi­
gated from an integral equation point of view. The investigation is 
based on the magnetic-field integral equation, 

[~- k(s)J·i = lnc, ki:; fs~X('i7GXi)dS" (1) 

G(!.,!.';s) = (47T1!.-.E.'1)-1 exp(-sl.E.-!.'I/c),and tpc surface S is 
finite. From the Fredholm theory for the solution of integral 
equations of the second kind it is shown that the inverse operator 
(~ - 1)-1 is a meromorphic operator-valued function of s. The 
locations of the poles of the inverse operator (the natural frequenciE 
are given by those vaiuesof s (sn) for which the homogeneous integra: 
equation has a nontrivial solution in, 

(2) 

and kt is the adjoint operator of 1" ~t·h = -Js'i7G*~(~Xh)dS'. 
Since poles are the only singularities in the s-plane of the inverse 
operator the Mittag-Leffler theorem can be invoked to find an 
explicit representation of this inverse operator in terms of the 
natural frequencies, the nontrivial solutions of the homogeneous 
integral equation and the nontrivial solutions of the homogeneous 
adjoint integral equation, 

where ~ = (d1/ds)(sn) and ~(s) is an entire operator-valued 
function of s. In deriving (3) it has been assumed that ail 
poles are simple poles. This assumption has been substantiated 
numerically for all perfectly conducting, finite, bodies investi­
gated so far. From the representation (3) of the inverse operator, 
it can be seen that many transient scattering and antenna problems 
involving finite bodies can be treated by employing the same 
methods as those used in transient network theory. 

A procedure for calculating the natural frequencies and the current 
distribution of the natural modes of a perfectly conducting body of 
revolution is presented. The analysis is based on the magnetic­
field integral equation simplified to account for rotational 
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rrnmetry. This procedure is used in a numerical sample calculation 
E certain natural frequencies and modes of a prolate spheroid. 
J get some idea of the number of natural modes needed to accurately 
:scribe an actual scattering situation the time response is 
~lculated of the induced current on a prolate spheroid due to 
step-function incident plane wave as a function of the number 

E modes used in the series expansion of the inverse operator, 

l(!., t) L cs-1 a (t)[<B ·i ,h >rl i exp(s t), 
n n =n--n-n --n n 

n 

s' and 

:re, e is the direction of propagation of the incident wave and 
) = ~xBe where Be is the strength of the incident plane wave. 

(4) 

~attering from a perfectly conducting, finite body located within 
parallel-plate region is also considered. A series representation 

E the kernel of the integral equation (1), valid on the imaginary 
{is of the complex s-plane, can be constructed from image theory. 
1 analytic continu~tion into the entire complex frequency plane 
E this series representation is then found. It can be shown that 
lis analytic continuation is an analytic function except along a 
)untable number of branch cuts Cn , 

C = {s : Re{s} = nwc/d, Im{s} < 0, n = 0,±1,±2, .... }, (5) 
n 

being the separation between the parallel plates. It now follows 
lat the solution of the integral equation has two types of 
Lngularities in the complex s-plane: one type being poles at 
lose values of s for which the homogeneous integral equation has 
)ntrivial solutions, the other type being the branch cuts Cn . The 
)cations of these branch cuts are uniquely determined by the plate 
=paration. 

Transient electromagnetic problems involving open, uniform 
~veguides can be treated using methods similar to those discussed 
love. The pulse response of a source sheet perpendicular to the 
{is of the waveguide has the following form 

F(x,y,z,t) 2;i J H(x,y,p)I (pT)dp , ct > z 
r 0 

(6) 

lere Io(x) is the modified Bessel function of order zero, T2 (ct)2 
ld r is the Bromwich contour. The function H(x,y,p) has two types 
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of singularities: (1) a branch point at p = 0, and (2) poles in 
the left half-plane. The complex integral in (6) can be transformed 
into a real-valued integral and a sum of residues. The integral 
corresponds to the continuous spectrum and the sum to the discrete 
spectrum of F(x,y,z,t). The discrete part of the spectrum can be 
interpreted as modes. One of the modes is the TEM mode. The propa­
gation constants of all the other modes are complex,Le., each 
mode is attenuated as it propagates, and they grow exponentially 
in the transverse direction of the waveguide. It should be noted 
that H(x,y,p) is a meromorphic function of p for a closed waveguide 
and that in this case all poles of H(x,y,p) are located on the 
imaginary axis. The complex variable p is related to the complex 

frequency s by p = /sZ/cZ - ~z where ~ is the Laplace transform 
variable with respect to the axial direction. 
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APPLICA'I'ION OF SINGULARITY EXPANSION METHOD TO TIlE LOOP ANTENNA 

K.R. Umashankar and D.R. Wilton 
University of Mississippi 

University, Mississippi 38677 

R.F. Blackburn 
Air Force Weapons Laboratory 
Albuquerque, New Mexico 87118 

The Singularity Expansion Method (SE!v!) introduced by Baum [1] has 
demonstrated its utility in the calculation of the transient re­
sponse of a thin linear cylindrical wire [2]. Another thin-wire 
problem of interest is the cylindrical wire loop, for which the 
time-harmonic solution for the loop current can be written in 
Fourier series form as [3] 

(1) 

For convenience, the form above is written in terms of the 
Laplace transform variable s = jck where c is the speed of light 
and k is the free space wavenumber. Vn(s) is related to the ex­
citation and is called the coupling coefficient in the terminology 
of SEM. The zeros of an(s) are poles of I(¢,s) and are the 
natural resonant frequencies of the loop. For ~ach zero of an(s) 
with fixed n, the associated modal current is e~ 

The expression for an(s) involves integrals of Anger-Weber func­
tions of complex arguments and a parametric study of the roots of 
an(~) has been carried out using a numerical search procedure. 
The roots, of course satisfy the requirement that they should 
appear only in the left half of the s-plane and in complex con­
jugate pairs. In addition, the location of each root of an(sJ = 
a-n(s) falls into one of the following three categories: 

1) There is a pole very near the s=jw axis at approximately w=n. 
This pole gives the principal contribution to the time-domain 
response of the loop at late times and the imaginary part of 
the pole location corresponds closely to the reson~t fre­
quency of the loop for an excitation of the form eJn¢. 

2) There are n+l poles (including conjugate pairs) which lie 
roughly on the left hand side of an ellipse centered at s=O 
and with a semimajor axis somewhat larger than n. 

3) There is a layer of poles lying almost parallel to the s=jw 
axis. The layer contains an infinite number of poles and 
they are spaced approximately ~w=~c/b units apart, where b 
is the loop radius. 

ThIs work was supported in part by the National Science 
Foundation under Grant No. GK-326ll. 
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This categorization stlggests the double indexing system shown in 
the ;figures for labeling the various poles. .A;; with thin 
cylindrical wires, increasing the wire radius has the effect of 
shifting the poles nearest the j w axis away from axis, or equi­
va1ent1y' increasing the damping constants of those modes in the 
time domain 12J. 

An asymptotic fonn of au(s) valid in the complex s-p1ane for J..arge 
shas been derived which allows one to find poles approxiJnate1y 
as solutions to the equation 

1T;" n~. 2b . . kb = - + ,9,n {(-1) -[2 R,n - - 2y - 2 R,n kb - J1T]} 8 1T a (2) 

with k=-js/c and where a is the wire radius. We are also able to 
show that 1/~ (s)may be expanded in the convergent residue series 

1 R . _ \ -Ill. 
a Cs) - ~ s:s. -n 1 nl 

(3) 

where the poles of ants) are at s=sni and have residu~s Rni given 
by 

~. = Hill (s~sni) = [dan1-1! (4) 
1 s-+s. anls) dsj s=s" 

nl . nl 

An important result is that the function l!an (s) may thus be re­
presented by its poles and residues with no additona1 entire fUnc­
tion required. An asymptotic form for the residues in (4) can 
also be derived which can be used to show that Eq. (3) is rather 
poorly convergent and hence is not a useful representation in the 
frequency domain. 

Substituting (3) into (1) and inverse transforming the equation 
results in the time domain representation, 

i($,t) = L (L R .e snit)*v (t)ejn$ (5) " nl n n=-co 1 

where vn(t) is the Laplace inverse of Vn(s) and the asterisk de­
notes convolution. Despite the fact that (3) converges slowly, 
the time domain current representation (5) converges relatively 
quickly, particularly for late times. 

A large number of pole. locations s=sni and corresponding residues 
Rni have been calculated and

d

tabu1ated for a wide range of the 
loop parameter n=~R,n 21Tb/a. These results permit one to calculate 
time-domain loop currents for arbitrary excitation without re­
sorting to the comparatively inef;ficient process of Fourier 
transfonning. 
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1<.2 RZ uP 
(w,)Z = uJZ - 4 - )'KRw 

and 

)" = )' + KRw 
2 

(10 ) 

The value of K can be computed from Eq. (4) or approximately from 

the antenna static capacitance Co by 

C ()'z+WZ) 
K ~ ---'0 ____ _ 

w 

As an example, consider now a dipole antenna with a ratio of 

half-length to radius equal to 259 and a gap half-width to 

radius ratio equal to ten. For t/a = 259, A = 0.8272 X 10-5 

mhos, B = 6.7165 x 10~ mhos, the pole is specified by 

and 

w 

.216 C -1 
)' = --- sec 

2t 

where c is the speed of light in free space. 

( 11) 

(12) 

In Fig. 1, the normalized current response through a 75 ohm 

resistor is presented as a function of normalized time. The 

solid curve is the response due to the first five poles, and the 

curve composed of short dashes is the response due to the first 

pole. The curve composed of short and long dashes is the 

response calculated by the application of the King~Middleton and 

Wu theories.4 This curve is shown to permit a comparison between 

it and those computed by the SEM. 

The singularity expansion method provides a simple analytical 

means to perform an analysis of the cylindrical dipole antenna 

response to an electromagnetic pulse. For broadside incidence, 

the response can be accurately calculated for t > 6t/c by only 

two or three poles. z As shown in Fig. 1, a calculation involv­

ing five singularities gives good agreement with that computed 

from classical antenna theory. Also, as shown in Fig. 1, the 

response due to the first pole consisting of two damped sinusoid 

is a reasonable estimate of the other two response curves. 
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Fig. 1. The Normalized Current Through a 75 ohm Resistive 
Load Connected to a Cylindrical Dipole Antenna Excited by a Unit 
step Function Plane Wave Pulse. 
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APPLYING THE SINGULARITY EXPANSION 
METHOD TO DETERMINE CURRENT AND 

CHARGE INDUCED ON INTERSECTING 
THIN CYLINDERS* 

T. T. Crow, B. D. Graves and C. D. Taylor 
Mississippi State University 

Recently Baum developed the singularity expansion method (SEM) for 
treating general scattering problems. 1 Using the SEM one can determine 
directly the natural or resonant frequencies of a conducting scattering 
object and the current distributions associated with these resonances. 
The time domain response of the induced currents appears simply as a 
summation of exponentially damped sinusoids, the amplitude of each 
being determined in a straight-forward manner. . 

The starting point for the subject study is the Pocklington-type integro­
differential equation for the current distribution induced on a struc­
ture of intersecting thin cylinders that are solid conductors with flat 
end faces. However to derive the integro-differential equation certain 
considerations are made. They are: (1) an extended boundary condition 
is used, namely the axial component of the total electric field is 
required to vanish on the axis of the cylinders2, (2) the cylinders are 
sufficiently thin that rotational symmetry of the surface current 
density obtains, (3) the axial currents on the cylinders satisfy the 
Kirchhoff circuit law at the intersections, (4) the rotational symmetry 
of the current densities prevails throughout the cylinder junction 
regions (this is an admittedly unphysical consideration but it obviates 
a detailed consideration of the probably complex charge flow in the 
junction region), (5) the leading terms in the quasistatic solution for 
the current and charge distributions on the cylinder end faces are 
used 2 , and (6) in obtaining the contributions to the axial component of 
the total electric field on the axis of a cylinder from currents and 
charges on other cylinders, the electric field from current filaments 
are used. Accordingly the following integro-differential is obtained 
for the complex frequency s = a + jw and a system of N wires: 

s 41TEo [E~nc (sn) - Ec (Sn)] 

~ f Im(s') [_-"d_
2
_+ £ 

m=l Lm m dSndS~ c2 
(1) 

where 

G exp [_.§. ,(s -s') 2+a20 ,] / I (s -s') 2+a20 c ~ n m n nm ~ n m n nm n m 

G exp [- % ~s~+s~2'] / 1 s~+s~2 ' n ,;, m 

*This work is supported by The Dikewood Corporation and the Air Force 
Weapons Laboratory, Albuquerque, New Mexico. 
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Here Im(s~) is the axial current on the mth wire at point Sf, Ec(sn) is 
the contribution to the axial component of the electric fie~d from the 
end cap currents and charges and E;nC(sn) is the aYial component of the 
incident electric field. 

To apply the SEM, (i) is cast into matrix form by using the mathod of 
moments. 1 If a sinusoidal pulse expansion is used for the current 
distribution then all the integrals may be evaluated analytically. 
Thus (1) reduces to 

n(s) I(s) = E(s) 

where the double bar indicates a square matrix and the single bar a 
column matrix. 

At the natural frequencies, denoted by sa' the determinant of ll(s) 
must be zero and 

In (3), I(sa) is defined as the mode vector and 

ilt(sa) C(sa) = 0 
defines the coupling vector. With the appropriate normalization the 
time history of the induced current is1 

i(t) = E U(t) l(sa) Ctsa)t Einc(Sa) e
Sat 

a 

(2) 

(3) 

(4) 

where U(t) is a diagonal matrix with Heaviside functions along the main 
diagonal to take into account causality and Einc(sa) is the Laplace 
transform of the incident pulse. An expression analogous to (4) may 
be derived for the induced charge distribution via the equation of 
continuity. 

The natural frequencies may be identified with the simple pole singular­
ities of the Laplace transform of the induced current distribution for 
impulse excitation. The number of poles (or natural modes) necessary 
to obtain a typical time response of the current is shown i- ·"i.gure l. 
In figure 2 the time histories oi the junction currents are ~hown. For 
both figures the incident electric field is directed parallel to the y axis. 
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TRANSIENT RESPONSE OF A THIN-WIRE SCATTERER 
ARBITRARILY ORIENTED ABOVE A PERFECTLY 

CONDUCTING GROUND PLANE USING THE SINGULARITY 
EXPANSION METHOD-" 

Thomas H. Shumpert 
Applied Research Group 

The Dikewood Corporation 
Albuquerque, New Mexico 87106 

ABSTRACT 

The singularity expansion method is employed to determine 
the transient response of a thin-wire scatterer arbitrc..rily 
oriented above an infinite perfectly conducting ground plane. 
An integro-differential equation is formulated for the ct~rrent 
on the scatterer in terms of the complex frequency, S=CT+jW. 
The method of moments is used to reduce this integro- differential 
equation to a system of linear algebraic equations. The singu­
larity expansion method is then applied to determine the 
exterior natural resonances and the transient response of the 
scatterer to a unit step incident wave. The analytical and 
numerical techniques used to obtain the various terms in the 
singularity expansion representation of the transient re8ponse 
are discussed, and results are presented for several different 
orientations of the scatterer with respect to the ground plane. 

INTRODUCTION 

The singularity expansion method as formalized by Baum l11 
offers a new approach to the transient' analysis of scattering 
and antenna problems. In a recent paper, Tesche [21 presented 
a discussion of the method and applied the general concepts to 
analyze the transient response of a thin wire scatterer in free 
space. The purpose of this paper is to gain new and additional 
inSight into the singularity expansion method and its application 
to more complicated scattering geometries. In particular, 
analytical and numerical techniques similar to those presented 
by Tesche l2]are used to determine the transient response of 
a thin wire scatterer arbitrarily oriented above a perfectly 
condu'cting ground plane'. The transient response of the scatterer 

>~ 

This work was supported by the Air Force Weapons Laboratory 
Kirtland Air Force Base, Albuquerque, N. M., under Contract ' 
F29601-72- C- 0087. 
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as determined using the singularity expansion method is com­
pared with that obtained using a classical approach (i. e., plane 
wave analysis with Fourier inversion). Various terms in the 
singularity expansion representation are calculated and tabu­
lated for several different orientations of the scatterer with 
respect to the ground plane, and locations of the exterior nat­
ural resonances as a function of the scatterer orientation are 
also presented. 

ANALYSIS 

Consider the thin- wire scatterer oriented above a perfectly con­
ducting ground plane as shown in Figure 1. A Pocklington type 
integro-differential equation for the current induced on the 
scatterer by an incident field may be written in terms of some 
complex frequency, s = (J + j w. The method of moments may 
be used to reduce this integro-differential equation to a system 
of linear algebraic equations. In this particular analysis, the 
basis functions are piecewise constants (flat pulses) and the 
testing functions are Dirac delta functions (collocation). The 
resulting matrix equation is then solved using the singularity 
expansion method. 

A numerical search routine is used to locate the natural reson­
ances (singularities, zeroes) of the impedance matrix. The 
natural mode vectors, normalization factors, residue matrices, 
and coupling coefficients are calculated in the same manner as 
outlined by Tesche [2l. Finally, the transient response is 
determined as a weighted sum of damped sinusoids. 

RESULTS 

A general computer program has been developed for arbitrary 
orientations of the scatterer above the plane. Two cases of 
particular interest are: (a) Scatterer parallel to the ground 
plane, and (b) Scatterer perpendicular to the ground plane. 
Figure 2 is a plot of the singularities in the region near the 
origin of the sL/ c plane for case (a) with h/L = 0.5. These 
singularities separate- into two distinct groups. Those which 
lie in the vertical layer nearest the imaginary axis represent 
resonances associated with the fundamental length of the 
scatterer itself. Those farther out in the plane represent 
resonances associated with the distance between the scatterer 
and its image. Figure 3 illustrates the movement of this second 
group of singularities as a function of the parameter h/L. The 
trajectories of the first group are quite different. Figure 4 pre­
sents the trajectory of the singularity associated with the funda­
mental resonance of the scatterer itself as a function of h/L. 
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Figure 5 shows the trajectories of this same singularity as the 
center of the scatterer is fixed at a constant distance above the 
plane and the scatterer is rotated from ease (a) to case (b). 
Finally, Figures 6 and 7 show typical time domain results for 
case (b) where h/L = 1. O. 
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Figure 1. Thin-wire scatterer 
arbitrarily oriented above a 
perfectly conducting ground plane • 
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